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PREFACE. 



The treatment of the , kinetics of a material system 
by the method of generalised coordinates was first 
introduced by Lagrange, and has since his time been 
greatly developed by the investigations of different 
mathematicians. 

Independently of the highly interesting, although 
purely abstract science of theoretical dynamics which 
has resulted from these investigations, they have 
proved of great and continually increasing value in 
the application of mechanics to thermal, electrical and 
chemical theories, and the whole range of molecular 
physics. 

The object of the following short treatise is to 
conduct the student to the most important results 
hitherto obtained in this subject, by demonstrations 
free from intricate analysis and based, as far as 
possible, upon the direct application of mechanical 
and geometrical considerations. 

The earlier propositions contain, for the most part, 
little that is absolutely original so far as results are 
concerned, but in the concluding portion of the work 
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the theory of Least Action and Kinetic Foci has been 
investigated from a somewhat novel point of view, 
and in a manner which it is hoped may tend to throw 
some additional light upon this obscure and difficult 
subject. 

The language and notation of Quaternions have 
been employed in two or three instances, but never 
to such an extent as to break the continuity of the 
treatise or to prove a hindrance to the student who 
is unacquainted with that branch of mathematics. 
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ERRATA. 

Page 5, line i, replace the sign + by commas, 
p. 6, 1. 9 from bottom, read +Ccog. 

p. 13, 1. 5 from bottom, for -^ read -j^« 

du d (p^ 

p. 1 3, 1. 4 from bottom, for /x read jJids, 

p. 14, 1. 8 from bottom, instead of comma read + 

p. 16, 1. 9, /or last read first. 

p. 22, after last two lines insert where U is the potential energy. 

p. 23, 1. 2 from bottom, read +(7a)g. 

p. 24, 1. 3 and subsequent equations, read +C-^* 

dt 

p. 24, 1. II from bottom, for plane of the axes read fixed plane. 

p. 25, 1. 8, dele B. 

p. 25, 1. 10 from bottom, for rcos\/n/f and rmv-^y^ read rcosyffyjf 

m 

and rsmyj/yjf. 
p. 26, 1. 12, read (a -f r cos >/f)*. 
p. 26, 1. 15, for (f) read <^. 

• • • • 

p. 26, 11. 3 and 12 from bottom, for >/f read Uy^. 

p. 27, last line, insert generally after the word but. 

p. 28, 1. 8 from bottom, for This expresses rmd Hence we might 

deduce. 

dr 
p. 32, last line and subsequent equations in p. 33, change sign of -7-* 

p. 47, 1. 2 from bottom, for cos read cos 2 0, 

Q 

p. 48, 1. 7, for - read 2 0, 

z 

P' 56, 1. 7, for diminution read increase, 
p. 56, 1. 10, for measures read is. 

p. 63, 1. 3 from bottom, read I ^Edt. 

[Turn over. 
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p. r*5, 1. I I, U}f t + K /-'K./ ^ ♦ t. 

p. 65, 1. 1 2, for E rm'Z f . 

p. 66, 1. 5, //>r /^ reati fi^. 

p. 71, tw(» lust lines, insert. \ on Ivft hmuL 

p. 79, 1. 10, for IX r#»/f// Vlir. 

p. 80, last line, for system reml ]>!irtii*lf. 

p. 87, 1. 3 from bottom, re.wl before tlie kinetic focus or change of 

t}T)c. 
p. 94, 1. 3, for wouM retnl would gi'nerally. 

p. 94, after line 16 insert : — 

If however MP ]mi88 throuf^h a confi*]furation R at which f^ =f, 
the process would not fail, l)ecau8e we could then prove separately that 

Action {OM+AfR) > Action OB, 
and Action {OR -f RP) > Action OP. 

Now if S be not a kinetic focus the course OSP passes at aS^ through 
the * locus' /, =/a, and therefore generally everj' constrained course 
from M to P infinitely near OSP must pass through that locus, so 
that at some point R in it f =/a. Unless then «S be a kinetic focus 
the Action does not generally cease to be minimum at S. 

p. 94, 1. 7 from bottom, for so long as the Action from retains the 
same type, it read the Action from to any configuration reached 
before the fii'st kinetic focus. 

p. 94, last line, for change of type mad first kinetic focus. 



CHAPTER I. 

DEFINITIONS AND GENEKAL THEOREMS. 

Generalised Coordinates. 

Article 1.] When the position of every point of a material 
system can be determined in terms of any independent vari- 
ables n in number, the system is said to possess n degrees of 
freedom^ and the n independent variables are called the generalised 
coordinates. 

The choice of the particular independent variables is perfectly 
arbitrary, and may be varied indefinitely, but the number of 
degrees of freedom cannot be either increased or diminished. 

In a rigid body free to move in any manner there are six 
degrees of freedom, and the generalised coordinates most fre- 
quently chosen in this case are the three rectangular coordinates 
of some point in the body and three angular coordinates deter- 
mining the orientation of the body about that point, generally 
the angles Q^ (f), xj/ of ordinary occurrence in rigid dynamical 
problems. 

When the body degenQrates into a material straight line the 
number of degrees of freedom is reduced to five ; and when this 
straight line is constrained to move parallel to some fixed plane 
the number of degrees of freedom is still further reduced to four. 

A chain of n links, in which each link is a material straight 
line, has in the most general case 2n-\-3 degrees of freedom, and 
if one point in this chain be fixed the number is reduced to 2 », 
and we might choose for our generalised coordinates the 2n 
angles w^hich determine the directions of the links. 

And so on for many other examples. The n coordinates are 

very generally denoted by j^, jgj •• •?»»• 
J \ B 



• « • « « 

* ** ♦ 



GENERALISED COMPONENTS OF MOMENTUM. [2. 



(ieneralhetl Components of 3Iofnentum, 

2.] The completo kno\vletl<^e of the state of any material 
system embraces not only its configuration but its motion 
at any instant. 

Suppose the velocit}' of each element of the system to be 
known, and let it be multiplied by the mass of that element so 
as to obtain the momentum of the element, and let the infinite- 
simal variation hq^ be given to any coordinate q^. 

Then, if y be the momentum of the element, and if I be the 
distance of the projection of that element upon some fixed line 
to which the velocity of the element is instantaneously parallel, 
measured from some fixed point in that line, it follows from 
definition that I is 'some known function of the j's, and the 
virtual moment of the momentum of the element consequent 

on the variation hq^ is clearly f-y- Mn ^^^ ^^ sum of such 

/// 
virtual moments for the whole system is (^f-j-) ^qr* 

The coefiicient ^(f-j-j is called the generalised campo^ient 

of momentum corresponding to the coordinate q^. 

In the actual motion each element, as m^ is describing a deter- 
minate curve such that the length s of that curve measured 
from a fixed point in it is a known function of the ^''s, and the 

ds 
velocity oi m is -r-, therefore the generalised component of 

momentum of the system corresponding to the coordinate q^ 
. ^ ds ds 

IS 2 »2 ^ • -7— • 

dt dq^ 
If a?, y, z be the rectangular coordinates of w, this generalised 
component of momentum may be written 

-, ,dx dx dy dy dz dz . 

2 m ( 1 — ~ -— H ) . 

dt dqr dt dq^ dt dq^ 

In the language of quaternions, p, the vector from the origin 
to any element of the system of mass m, may be regarded as a 
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function of the n scalar variables qx^^-im ^'^'^ we then have, if 
the above-mentioned component of momentum be denoted byj»^, 

A similar definition applies to the generalised component of 
effective force of the system corresponding to the coordinate ^^, 
viz. the sum of the virtual moments of the effective forces of all 
the particles corresponding to the variation hq^ ; and from reason- 
ing exactly similar to the above it follows that this generalised 
component may be written 

-, yd^is doc d'^y du d'^z dz . 

2^(x2-T- + -ry 3^ + 372-3—); 
^dt^ dq^ dt^ dqr dt^ dq/ 

or again using the notation of quaternions, 

^^"^^^del^y 

The following notation will be generally employed in dealing 
with generalised coordinates : — 

(i) The coordinates will be denoted by j'l, jg •••?»» ^ ^-s above 
stated. 

{%) The differential coefficients of these coordinates with 
regard to the time ^, also called the generalised 
components of velocity^ will be denoted by j^, q^*>>qn* 

(3) The generalised components of momentum will be 
denoted by jo^, jOg . . . j»n- 

Generalised Components of Force, 

3.] Let the material system be acted on by any given forces, 
and let F be one of these forces. 

Then if I be the distance of the projection of the point of 
application of F upon some fixed straight line parallel to the 
direction of F^ measured from some fixed point in that line, 
it follows from definition that I is some known function of 
the j's, and the virtual moment of F consequent upon any 

infinitely small variation hq^ in the coordinate q^ is F -^ ^qrj 

B 2 
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and the sum of such virtual moments for all the forces acting 
on the system is 22 ^ F , ^^qr • 

The coefficient of Iq^ or ^ (^'t" ) ^® called the generalised com- 

ponent of force corresponding to the coordinate q^. 

If the coordinates of the point of api)lieati()n of i^ referred to 
any fixed rectangular axes be .r, y, and j, and if the correspond- 
ing components of F be A', T, and %, this generalised component 
of force becomes j^ j.. .7^ 

dq^ "Yr ^^Yr 

Generalised Components of Impulse. 

4.] When the forces in action are ver}- large, and the time 
during which they act is very short, they are called impulses, 
and are generally measured by the time integrals of the forces. 

If F be any impulse measured in the manner just described, 
and if X, J", Z be its rectangular components, and if /, ;r, y, z 
have the same meanings as in the last article, then the general- 
ised component of impulse corresponding to the coordinate q^ 
will be dl dx du dz 

dqr dqr d^r dqr 

It must be carefully remembered that the virtual moment of 
an impulse does not, as in the case of finite forces, represent 
work done consequent on the variation bq^. 

When an impulse is spoken of as the time integral of a force, 
it is only in a particular case that the term is used with strict 
accuracy, namely when the direction of the infinitely large 
force which acting for an infinitely short time produces the 
impulse remains the same during that short time^ 

In such a case, if P be the large force, F the impulse, and t 

the short time of action, F is accurately equal to / Pdt. But i* 

is quite conceivable that P, the constituent force of the impulse 
should vary in direction as well as intensity during the time r. 

In this case we cannot say that F = I Pdt, but we must -^ 

^0 
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that F is the resultant of all the momenta P^dty + P^dt^-^-iiG. 
added throughout that interval. 

In the former case, where the force is fixed in direction during 
the time r, we obtain the generalised component of impulse, as we 

have said above, by writing I Pdt for F in the expression 

2F-J-' 

dg 

In the latter we can only obtain this generalised component 
by resolving P in fixed directions during the time of its action, 
and thus we are restricted to the expression 

Vo dqr Jo dqr Jo dq/ 

X, F, and Z being the rectangular components of P at any 
instant. 

5.] The terms generalised components of momentum, force, 
impulse, are very convenient for use, but it is important to 
remember that they are frequently only names, and do not 
represent actual forces, impulses, or momenta, still more rarely 
are they component forces, impulses, or momenta in the ordinary 
meaning of the term, i, e, such that their simultaneous action 
or existence is equivalent to the forces, impulses, or momenta 
acting on, or existing in, the system. 

For example, let the system of impressed forces be two 
parallel forces i^and —F at right angles to an axis and at the 
distances « + i and b from it, and let one of the coordinates 
be the angle 6 between a plane fixed in the body containing 
that axis and a similar plane fixed in space. 

The virtual moments of the forces consequent on the small 
variation b6 are F{a-^6)bO and —-Fb .hO, and the generalised 
component of force corresponding to is Fa, that is to say, 
it is a couple and not a force. 

Or again, suppose we are considering the case of a single 
material particle referred to axes Ox and Oy at the angle a, and 
acted on by impressed forces parallel to these axes equal to 
Xand Irrespectively. 

If the coordinate x be varied by 8 a?, the virtual velocities of 
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X and Z will be hx and So? cos a respectively, and the sum of the 
virtual moments of X and Y will be (A''+ l'co8a)6a?, so that 
the generalised component of force corresponding to x is 
X+ Zcosa, and similarly that corresponding to y is y+i'"cosa; 
the generalised components are therefore, in this case, forces 
but not component forces. 

Again, suppose that the motion of a particle m is referred 
to the last-mentioned axes, and that the velocities parallel to 
X and y are n and v respectively. Then it will follow by similar 
reasoning that the generalised components of momentum are 
m{u-\-vcoscL) and m{y-{-uco^a) respectively, i.e. they are not 
component momenta in the ordinary acceptation of that term. 

A very interesting example of generalised components of 
momentum is aflPorded by the case of a rigid body moving 
about a fixed point and referred to the ordinary angular coordi- 
nates 6^, 0, \/r. 

Let Ay £, and C be the principal moments of inertia about 
the fixed point, and cdi, Wg, Wg the angular velocities about the 
principal axes. To find the generalised components of momen- 
tum corresponding to 6, (/>, xj/, we must resolve the couples of 
momenta Aa)^^ Bca^y Cca^ into three pairs, so that one out 
of each pair has its axis coincident with the axis of 6, (fy, or xjf 
as the case may be, and the remaining couple of each pair has 
its axis perpendicular to the axis of 6, <f>, or \jr. Then neglecting 
the second couple of each pair we have the required generalised 
component of momentum. 

For the coordinate 6 this is found to be by obvious resolution 

-Bcog cos (/) + -4(0iSin(/). 

For (/) it is — CcOg. 

For \j/ it is CcojCos^ + (^cog sine/) — -4 coj cos (/>) sin ^. 

6.] Any material system may be regarded as a collection of 
discrete particles whose positions are constrained to satisfy 
certain geometrical conditions by means of internal forces acting 
amongst themselves. 

D^Alembert's principle asserts that when its effective force 
reversed is applied to each particle, there will be equilibrium 
among the impressed and reversed effective forces throughout 
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the system, and that the internal forces above mentioned are 
in equilibrium among themselves. 

That is to say, that if the system be slightly displaced, with 
due regard to the geometrical conditions, the sum of the virtual 
moments of the internal forces taken throughout the system 
will be zero, and may be neglected in forming the equation of 
virtual velocities. If F^ and E^^ be the generalised components 
of impressed and eflPective force respectively corresponding to 
the coordinate q^ D'Alembert's principle asserts that 

the summation being for all the ^'s. 

And in like manner, if P^ be the generalised component of 
impulse acting on a system at rest, corresponding to the co- 
ordinate q^ and if j)^ be the corresponding component of 
momentum in the motion caused by the impulse, D'Alembert's 
principle asserts that 2P c)^ = 2o ^q. 

Hence, since the T^qs are independent, we know that the 
generalised component of effective force corresponding to any 
coordinate is equal to the corresponding generalised component 
of the impressed forces acting on the system, and also that 
the generalised component of momentum corresponding to any 
coordinate is equal to the corresponding generalised component 
of the impulses by which the actual motion might be produced 
in the system previously at rest.^ 

The Kinetic Energy. 

7.] If the mass of each particle of a material system be mul- 
tiplied by the square of its velocity, one half the sum of the 
products thus formed, taken for the whole system, is called the 
kinetic energy of the system, and is generally denoted by the 

* When the system is subjected to any constraints we may either regard it as a 
new system altogether, with a fresh set of generalised coordinates fewer in number 
than before, or we may regard it as being still the same system but acted on by 
additional constraining forces, such that the sum of the virtual moments of these 
forces vanishes when the displacements are effected with due regard to the ad- 
ditional constraints. In this case the equations 

SiF5gr = 5i^82 and SpSg^SPSgr 

will no longer be true for all values of the hq& but only for such values as are 
consistent with the constraints so imposed upon the system. 
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symbol T. When the generalised ooonlinates are geometrical 
magnitudcB, lines, angles, and the like, this quantity T may 
always be ex] pressed as a homogeneous quadratic function of the 
com]>onent velocities q^, y^, &c., with coefficients which are known 
functions of the q's. 

For each element, as w, describes a determinate path such 
that *, the length of that path from some fixed point in it, is 
a known function of the y's ; 

ds lU . iJs . ds . 

where the coefficients -7--, -, - , &c. arc know^n functions of the 
q\ and are independent of the ^'s. 

it 9 ^ if A " 

Hence (,,), and therefore jSw^-y-) or T, must be a 

quadratic function of the ^'s with coefficients known functions 
of the 5''s. 

Again, we have seen that 

_, ih ds 
^ ' dt dqr 

(IS 

and if the value last given of -j be substituted in this equation, 

(It 

it follows that p^ is a homogeneous linear function of the j's 

with coefficients known functions of the ^'s ; and the same being 

true of each of the jo's, it follows that each of the ^'s is a 

homogeneous linear function of the //s with coefficients known 

functions of the ^''s. 

Since jT is a homogeneous quadratic function of the ^'s, and 
since each ^ is a homogeneous linear function of each jo, it 
follows that T may be expressed as a homogeneous quadi'atic 
function of the jo's with coefficients known functions of the g^'s. 

When T is thus expressed in terms of the jo's it is usually 
written T^, and when in terms of the ^'s it is written T^, 

It may, however, happen that the equations by which the 
configuration of a system at any instant is determined contain 
the time explicitly. In such cases the time itself, ^, may be 
taken as one of the generalised coordinates. 
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Or it may happen that these equations contain not only the 
magnitudes J'l, §'2> ^^-9 ^^^ ^^^o the velocities q^, q.^^ &c. 

The case in which the time t is one of the generalised 
coordinates may be illustrated by two particles connected by a 
rod which expands uniformly, or according to any other known 
law of time, under the influence of heat. 

The case in which the j's occur as generalised coordinates 
may present themselves in problems dealing with rough surfaces 
rolling one upon another, in which the equations expressing the 
equality of the velocities of the points of contact cannot be 
readily integrated. 

In all these cases, as in the simplest case first mentioned, the 
following equations will remain true : 

(0 

, . ds ds . ds . ds , 

(2) 37 = 3r S'l + x: ^2 + ••• + XT ^n 



(3) 



T- 


12, 


.ds 2 


ds 
dt "■ 


ds 
'dg, 


. . ds 

^^2 


Pr = 


Im 


ds ds 

, — ■ . 

de dqr 



dqn 



But inasmuch as in the case of the time entering as one of 

the coordinates the corresponding q becomes unity, and in the 

case of any of the component velocities q^^ q^y &c. so entering 

ds 
the coefficients of the type -j- are not all of them independent 

of the ^'s, it will no longer be true that T may be expressed as a 
quadratic function either of the ^'s or jo's. 

The notations T^ and T^ are sometimes employed in the case 
where the time enters into the connecting equations; in these 
cases they are not quadratic functions as above, but they indicate 
the value of the kinetic energy expressed in terms of the co- 
ordinates and qoY p respectively.* 

In what follows, where the contrary is not expressly men- 

* If the time (fy were expressed by any symbol as qi in the connecting equa- 
tions, and the kinetic energy found on the understanding that qt was to be 
replaced by unity, then T would, before such evaluation of qt^ be a quadratic 
function of all the component velocities ^i, $2, ... j,i and qi. 

The statement in the text refers, of course, to the expression for T in the 
ordinary form, i. e. after the evaluation of </<. 
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[8. 



linitett, it is to Ik* understood that neither the time nor any 
of the component velocities enter into the geometrical equations 
of connection of the svstcm. 

8.] Ill order to oliinin actual expressions for the generalised 
comp^incnts of momentum in terms of the velocities and co- 
ordinates in any particuhir case, it is generally most convenient 
to employ the followin*^ formulae. It is proved above that 

_ ^, \ (/.!• d,v (hj (lif dz dz ^ 

^ I fit (Itjr dt dqr dt dqr S 



Also 



Ix d,i'. . d,c . dx , 

:>j = ./.: 7i + .7,-72+ ••• + 7ir- !/«• 



dt 



dq^ 



dq. 



<iq. 



And similar expressions hold for -;- and -" • 

dc dt 

Hence by substitution, 

-, ( dx d.c dii dy dz dz ) . 
I dq^ dq^ dq^ dq^ dq^ dqr \ ^ 
+ 

+ 

Example 1. An inextensible string passes over a fixed pulley 

A, To one end is attached a weight «»i, to 
the other a moveable pulley Cj. Over the 
moveable pulley passes another inextensible 
string having at its ends weights m^ and 
%. The pulleys and string are supposed to 
be of inappreciable mass. If the strings 
hang vertically where not in contact with 
^» the pulleys, the system has two degrees of 
freedom, and we may take for generalised 
coordinates q^, the length of the first string 
from the vertex of A to %, q^ the length 
of the second string from the vertex of ^7^ 



A 




C\ 



m 



8 m 




to %. 



»h 

Fig. I. 



If then i2?i, a?2, ^3 be the heights of %, m^^ 
and m^ respectively above a fixed plane, we 
have 
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dx^_ 1 

Ml ' M 
Therefore 






V { /dx.2 . , dx dx , \ 



and 1^2 = (^3 - ^2) ^1 + {^s + ^2) ^2 • 

If for the weight m^ we substitute another moveable pulley Cj 
over which passes another string supporting a weight % and 
a third moveable pulley 673, and so on till there be X— 1 move- 
able pulleys, the last supporting two weights U)^ and »2a+i, we 
shall clearly obtain the following relations 

for all values of r from 1 to X inclusive, and 

where b and c are constants. 

dx 
Therefore -7-^ = 1, —1, or 0, according as r is greater, equal 

to, or less than *, for all values of r from 1 to X inclusive, and 

— T-^ = 1 for all values of s from 1 to A, and therefore 

Example 2. Motion of a chain of k equal uniform links each 
of length a in one plane, moveable in its own plane, and having 
one end fixed. 

This system has A. degrees of freedom, and we may take for 
generalised coordinates 6^^, ... 0)^, the angles made with the axis 
of X by the successive links beginning from 0, 
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If r be the disiaiict* (»f an olcmciit of the ;**** link from the end 
of that link adjoining the next preceding, then for such element, 

.r = 2j*~^ac(»sd + rcoBd„, y = ^i"""* a sin ^ + r sin ^, ; 

therefore for an element of the first link. 

For an element of link w/, 

dx 

= — asin(?„, or — rsin^?^, or 0, 



do 



H 



according as m is greater, equal to, or less than n. Similarly, 

-~ IB a COB 6^, rcosOfff or 0; 
dO^ 

then if i?^! he the component of momentum corresponding to 8^, 
we have 

+ (X-2 + i)a3cos((9,~^,)d; 
+ - - - - 

+ i a' cos {6,- 9^)6^; 

pe^ = {K-2 + i)a'co3{0,--e,)e, 

+ (X-3 + J)a^cos((92-^3)^, 
+ - - - - 



BK' 



and 2>0^ = s « ^* 

Example 3. The motion of a heavy tube in the form of a 
plane curve moveable in its own plane, and of a particle of mass 
m moveable in the tube. 

This system has four degrees of freedom. Let us take for 
generalised coordinates, 

a?i, y^ the rectangular coordinates of a point A fixed in the 
tube ; 
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the inclination of the tangent at A to the axis of cc ; 

(f>i the angle made by the radius vector from A to the 
particle with the tangent at A. 

Let r be the radius vector from Atosi point in the tube ; 

/"i be the radius vector from A to the particle ; 

<^ the angle made by the radius vector to a point in the 
tube with the tangent at A ; 

then r =y(0) is the polar equation to the curve referred to 

ds 
A as pole, from which r and -7— are known in terms of 0. 

If X, y be the rectangular coordinates of an element of the 
tube, aj = a?i + r cos (^ + </)), y = 2/i + /'sin(^ + </)) ; 

and in like manner for the particle, 

x — x^-Vt^ cos (^ + </)i), y = 2^1 + ^1 sin (^ + 0i) ; 

then for an element of the tube, 

— =1 ^ = — = ^ = 1- 
dx^ ' dx^ ' dy^ ' dy^ * 

^ = -rsin(^ + </>), ^ = rcos(^ + <^); 



For the particle, 

— =1 ^ = :^=:0^=:1- 
dx^ ' c^j ' c?2/i ' dy^^ ' 

j-Q=-r, sm(0+</)i), ^ = »•. cos(tf+<^.); 

— = - r^ sm (d + </)i), ^ = ^1 cos (^ + </)i). 
Therefore if ft be the mass of an element of the tube, 



^^^ ^ (jf^^^*+^)^i 



— ] / fjtrsin(^+(/))-7-T-c?(/)-f-mriBin(^H-<^i)^ ^ 

— mr^ sin (^ + <^i) <^i ; 
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+ I J fxr COS ((?+</)) y t/<^ + mr, cos {$ + <l>i) | ^ 

+ mri cos ((? + </)),</>,; 

+ \ H-r cos ((? + </)) - (/<^ + 7/1 r, cos (d + <^) | yi 

2)^ =—mr^ sin ((9 + </)i).riH-7/iri cos ((? + </)i)2/i + wiri*^ + mrj*<^j. 
The integrations are of course from end to end of the tube. 

9.] We now proceed to prove certain propositions easily 
deduced from the foregoing definitions. 

Proposition I. -.-^ = w-. 
Since 2 ^ = 2m (^^ = Smi;^ ; 

dt 

since the coefficients -j-^ &c. are independent of the ^'s and 

the q^s remain constant. 

If now q^ alone varies, the remaining ^'s being constant, 

dT- 

6 r becomes -^bq^; 

dq, 

•• ^^6^. = 2m.^^a5„ 

or -TT^ = ^mv-z— = Pr by definition. 

dqr dqr 

And this joroposUion is true whether the time enters explicitly into 
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the connecting equations or not. Remembering that 7^ is in such 
a case no longer a homogeneous quadratic function of the ^'s 
(see Art. 7), but is the expression for the kinetic energy in 
terms of the ^'s and ^''s. 

Proposition II. 2 ^ = 'p^q^^ + fA% + <^c. + j5n^„. 

Since T^ is a homogeneous quadratic function of the y's, it 
follows that 

dT^ dT^ 

.-. 2T = p^q^ + p^q^ + &C. + Pnin- 

When T is expressed in terms of the /?'s and ^'s, as in this 
proposition, it is written Tp,-^, 

Proposition III. -z-^ = Or, and -^ + —r-^ = 0.* 

dpf. dqr dqr 

Since T^.^, ^p, and ^^ are three different expressions for the 
same magnitude, and Tp^=z ^2pq, 

.-. Tp + ^4 = ^pq^ 
Let all the variables j5, ^*, and ^ be varied, then . 

bTp-{-bT^ = b2pq; 

But by Proposition I -j-r- = A 5 

Now the 2n magnitudes Pi...j)n and qi...gn are independent, 
and therefore their variations ipi-^-bp^ and S2'i...82'„ are in- 
dependent; ^T . , dT^ dT^ ^ 

.'. -j-^ = q^ and :r-^ + ^T"^ = 0. 

* This demonstration is taken from Maxwell's * Electricity.' 
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In the forogoini^ demonstration it is assumed that the \m 
does not enter explicitly into the connecting equations, and 
therefore that T^, and T^ are homogeneous quadratic fanctions 
of the p's and q's resiHHrtively ; in which case, as has just not 

been proved, the equation ** = ^^ follows as an analytical con- 



t/j)^ 



ilT^_ 



PtKiuence from the projwsition -.=/?,.. It may however b 

demonstrated independently, and whether the time enters into i\ 

(IT 

connecting equations or not, that — -*' = ^^, it being* borne in mini 

as in the last Proposition, that T^ ceases to be a homogeneoi 
quadratic function of they? 's in such a case. 

_, ^ ^ aIx dx dy dy dz dz. 

*^ dfjr dt (if/r dt dqr dt 

Let a small impulse act on the system, whereby the veloci 
of each element is varied without change of position. 

Then the quantities ^7 1 -77 > -,-: will vary, while -j—y^y- 
^ dt dt dt ^^ dq^ dq^ i 

remain constant; 

* K^ ,dx ^dx dy ^dy dz ^dz. 

^ ^dqr dt dq^ dt dq^ dt ' ' 

.5. V /• dx dx . dy dy . dz dz. 

qop 
-, (,. dx . dx ^ x^dx , . dy . dy .^dv 

^dt dt dt dt dt dt' dp ^ 

And the 8j>'s being independent, 

dT^_ . 
•' dp,-^'- 
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Proposition IV. fj = , .- • 

dq, dqr 
Since T^ is a homogeneous quadratic function of the y's it 
ust contain a term of the form Cq^q^^ where C is independent 
the ^'s. 

/. jpr == -j-r^ = Cq^ + terms independent of q^ . 

dT' 
Similarly p^ = -j^ ;= (7^^ + terms independent of ^^ ; 

dq, 

(2^, dqr 

Proposition V. If pq and jf^ represent two different states 
of motion of the system in the same confguration^ 

2j9^ = ^p'q. 

If variations hq^^ bq^^ &c. of the coordinates give rise to the 

displacement Sr in any particle m whose velocity is t;, we know 

from definition that 

'2(phq = ^mvhr cos a, 

where a is the angle between v and hr. 

When the system is in the jo, q state, let the variations Iqi^ bq^, 
&c. be given to the coordinates such that 

bq^ = q^ bt ; bq^ = ^/ dt, &c. 
Then it follows that^r = v'bt, 

,\ ^pgfbt =:^mvv^ cos abt. 
Similarly ^p^qbt = Swiv'v cos a 6^ ; 

This proposition may also be deduced from the linear equations 
connecting them's and j's. 

Proposition VI, Ifpq^p'^ represent momenta and velocities 
in two distinct motions of a system in the same configuration^ then 
if i •\- ^ represent velocities in a third state of motion with the 
same configv/ration^ P-^p' ^^^^ represent the momenta in this third 
state. 

This follows from the fact that the ^'s are homogeneous 
linear functions of the ^'s with coefficients known functions of 
the j^'s. 

Q 
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Proposition' VII. 1/ q, ^ anil q-^-q represent common 
rehtciiivn of anif sifsft-m in the mme confignrailon hut differ 
Btafeit of motion^ ami if the notation TJj represent kinetic enet 
corre»po}hling to the state q^ 

T.u.r=T^'^T^'^^pq\ 

= Z)'\'T^ + ^rq. 

Since 7!j is a homof^^ncous quadratic function of the n var 
bics ^i, q.^ &e., it follows from Taylor's theorem applied to a 
number of variables that 

where R is independent of the ^'s and therefore by sjmmel 
must be equal to T,{. 

Also -di=P> 

= T,i + T,r + 2p'q. 
Similarly T,i_.y = T^+Trf-^pq', 

==T,i + T.r-2pq; 
with similar propositions concerning 

T^^^ and Tp_p^. 

Proposition VIII. If :£.pq = 2/?Y, then either is greater th 

^jfq or 2/?j'. 

For if ^— j' represent the velocities in a third state of motic 
JO— jy' represent the momenta in that state by Prop. VI. 

Therefore i2(/? — i?0(^ '""^O represents the kinetic ener| 
in that state and is therefore positive ; 

that is ^pq-\'^p'q--^pq—^pq is positiv 

that is 2 ^pq-—^ ^p'q is positiv 

and therefore ^vi or ^p'q is greater th; 

^p'q or ^pq. 

It appears from this that 2jd^— Sjt?/ can never be zero unle; 
q = q for each coordinate. 
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10.] If /(^i ... §'„), or shortly yj be any function of the co- 

df - 
ordinates, and -j- ox f its rate of increase per unit of time, 

then, if jf" be given, T is the least possible, and if T be given, 
f^ is the greatest possible, when for each coordinate p is 

proportional to -j- • 

For let ^, ^ be a set of velocities and momenta in a motion 

fl -P H -P /I -P 

such that 2<7-^> or —-^ has the ffiven value, and that p=:K-^. 
^ dq at -^ dq 

where X is some constant. 

Let q-\-q% p-\-p' be the velocities and momenta in another 

df 
motion which gives the same value for -~- > and therefore such 

(tt 

*^* .„ df „.df 



^<2+^'>d^=^2 



dq 



and therefore So-' - - = 0. 

dq 

Then for the doubled kinetic energy of this second motion we 
have 

2T=2{pi-p'){q + q'), 

=:Epq-{-2/q'+22pq\ 

=zlpq + 2p'q+2\2q' — , 

which exceeds ^J)q, the doubled kinetic energy of the p, q 
motion, by 2p^q\ an essentially positive quantity. 

In order to find the d^ctual value of this least kinetic energy, 
we must express every q in terms of the p^a in the equation 

and then substitute X ~- for ©. 

dq ^ 

If the linear equations expressing q in terms of the jo's be of 
the form 

C % 
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the result is 



=zkF, suppose: 






F is the expression for 2 T^ with -j^ written for y>. 



whence X = ■— and 2 7=*-=- 

ill 

Secondly let T be given, and let ^, ^ be a set of Teloeitief 
and momenta in a motion such that T has the g^Tcn yalne 

and that /» = A j- 1 and let q-^-q* p-^-p' be those in any othei 
motion having the same kinetic energy. Then 

or 2/>Y-h22/>./ = (1] 

Therefore 



=+^~-~{^pr+2Sp4]. 



(2) 



Now let /' denote a set of velocities proportional to the q set 
80 that / = rq\ where r is some numerical quantity^ and con- 
sequently j»' = /•/>". Let further r be so chosen that 

Then from (1) 
And (2) becomes 

- » ^..'AlP^ld^pTY 
-1^-^'^ ^i ' 
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which is necessarily positive by Proposition VIII. Therefore 
(2 ^ qf or f is greater than (2 |^ (^ + O)' ' 

11.] If p^ and F^ be generalised components of momentum 
and force corresponding to any coordinate j'^, then 

at dqr 
We have seen in Art. 2 that 

.dx dx dy dy dz dz. . . 

and that F, = 2m&^ + ^.p- +^.^y (2) 

'^ ^dt^ dqr dt^ dqr df dqj ^ ' 

Therefore by differentiation of (l), remembering (2), 

^Pr ET V /^ d dx dy d dy dz d dz . 
dt dt dt dqy dt dt dq^ dt dt dqj 

Now 

d dx . d'^x . d^x „ d , , dx . dx „ . 

dt dqr ^^dq^dqr ^^dq^dq^ dq^ dq^ d^z 

d dx 
dq^. dt 

J • -1 1 r ^ ^y ^ d dz 

and similarly for -7- -7^ and v. -7— > 

dt dqr dt dqr 

provided that in differentiating with regard to qr the ^'s remain 
constant ; 

, ^r _ ^ _^ dT^^ 

" dt *" dqr 

or ^^r dT^ __ ^, 

dt dqr **' 

dT 
Since, by Proposition I, -—• = j»^, this result may be written 

. in the form 

dt dqr dqr 
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Aiul sinrc tlic (Ifinoiist nit ions of this pro])osition as well as that 
»r IVnp. I lidld when till* time enters explicitly into the con- 
iiri'tin;^ ('(plat ions, irr htivr in all ntse* 

r('ni«'iii1)('rin(^ that T,^ ci'asi's to be a homog^eneous quadratic 
runrlion of tin* y's \vht»n tho lime thus enters, 

Hy Proposition 111 it iullous that when the time does not 
[»nttT expliritly thi' result may he written 

itt lit J,. ~^ tit dffr 

12.j llioso are ealled Lao^ranj^e's P]quations of Motion. They 
are ai)))lieahle to systems moving under the influence of finite 
Forces only. The cf^rrespondinpf forms for impulsive forces are 
pasily (ledueod from the foreppoing propositions. For if jP be the 
g^'neralistnl component of impulses actinpf on the system cor- 
rcspondinpf to the coordinate g, we have seen that if the motion 
be from rest 7^ = ;;. 

But the velocities created in the system by any impulses are 
irrespective of the state of the system as regards rest or motion 
at the time when the impulses act. Tlierefore if/?Q denote the 
momenta ])cfore, and jj after, the impulses, qQ and q the cor- 
responding velocity components, we must have 

dT dT „ 

or 3^ — :r^ = ^. 

dq dq^ 

13.] The following are examples of the use of Lagrange's 
Equations. 

Examjple 1. The system of two pulleys in Example 1, Art. 8 
moving from rest under the action of gravity; it is required to 
determine the motion. 

Evidently in this case 

dT ^ dT ^ 



bherefore 



cZw, dJJ , . 

^Ih dU , . 
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therefore jh = (»»i —^2" ^s) 9 ^> 

no constants of integration being required since the motion is from 
rest. 

Hence, substituting for p^, 2h ^^^^ values given in Example 1, 
Art. 8, we obtain 

that is, 

K-^2) fe-s'iO+K+^s) to- 3^2') = K-wg Y; 

Sf/> $'2' being the initial lengths of the strings measured from the 
vertices of the pulleys. 

Hence . ^ »t.K + m)-4«>,«t. gg^ 

2mi(m2-m3) gr<^_ 

^^ ^^ mi(m2 + m3) + 4m2m3 2 ' 

q^ 
and ^1 is found from qi--q^ by substituting ^i for ^---> 

In the same manner let there be A— 1 moveable pulleys, and let 
the A + 1 weights be all equal ; we shall obtain 

(^ + 1) ?i + (^- 2) 4, + (X- 3) g, + . . . + ^;,_i = p, = -(A.- \)gt, 

&c. = &c. 
From which any q can be expressed in the form of a determinant. 

Exmnple 2. The following is taken from Routh's Rigid Dynamics. 

To deduce Euler's equations for a rigid body from Lagrange's 
equations of motion. 

We have shewn above that if j^a, p^, p^ denote the generalised 
components of momentum corresponding to the coordinates 0^ 0, y^ 
respectively, 

pe = B(ji^co^<fi-\'A(o^«iiL<f>y 

P4,= — (7o)3, 

p^l, = (7a)g cos 6 + {BoD^ sin ^— -4 «i cos (j)) sin 0. 
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But by Lagrange's c<|uations 

d])4, dT dU ^ 

~di (/<^ "" "" c/<^ ' 

that is — C —~ + (// o).^ sin <^ — ul co^ cos 0) 0, 

Uv 

JWJ 

— (/icogcosc^ + -^coj Bin<^) viuO^ """SS* 
But • ^ = o)i sin + o).^ cos ^, 

sin ^>^ = — (Oi cos (p^r<ii^i sin (/). 
Hence we obtain by substitution, 

— y- = — C-y- ^(j^cojsinc^ — -fl o), cos <^) (coj sin <^ + a>.^ cos <^) 
— (i5 coj cos (^ 4- ^1 (Oj sin 0) ( — cOj cos + eOj sin c^) 

and the two other equations of Euler*s system are deducible from tb 
by symmetry. 

Exarrvple 3. A rigid body is supported on a fixed axis and anoth 
rigid body is supported on the first by another axis. 

Case (a). If the second axis be parallel to the first. (Thorasi 
and Tait's Natural Philosophy , § 330, p. 257.) 

Here there arc two degrees of freedom, and the coordinates may 1 
conveniently taken to be (i) the inclination of the plane containu 
the axes to a fixed plane through the first axis, and (2) >/f the indin 
tion of the plane of the axes to a plane through the second axis ai 
the centre of gravity of the second body. 

With this notation it is easily seen that if a be the distance betwe< 
the axes, and b the distance of the C. G. of the second body from tl 
second axis, then the (velocity)^ of the C. G. of the second body is 

a^^^ + 2ahyjf^co9(ylf-(l>)i-b^yp^; 

and therefore, if m and m' be the masses of the bodies, and j and 
their respective radii of gyration round the first axis and round 8 
axis through the C. G. of the second body parallel to the two axe 
then the kinetic energy T is such that 
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whence Lagrange's equations become 
{mj^+ m^a^) (f> + m^ah — [yjr cos (\/^ — </>)] — m'ah sin (^ — </)) >^ = ^J*, 

Cut 

or (mj^ + mV) ^ + m'a6 ^ cos y\r—<^—mdb i/r^ sin \/f — </> = 4>, 
w'a6 — [<^ cos (\/f— </))] + m'(6HA;2) ^^^'^ sin (ylf—tj))^ yjr = * ; 

where <I> and ^ are the generalised force components corresponding 
to (f) and yff. 

In case of gravity or other external fprce the potential energy may 
be readily obtained in terms of (/), 6, yjfy and then 4>, ^ may be found 
by differentiation. 

Case (6). The axes at right angles to each other. 

Let (f) be the angle between the plane containing one of the axes 
and the shortest distance between them and some fixed plane con- 
taining the aforesaid axis. 

Let yjf be the angle between the plane containing the second axis 
and the C. G. of the second body, and the plane containing the second 
axis and the shortest distance. 

Let a be the shortest distance between the axes, r the length of the 
perpendicular let fall from the C. G. of the second body upon the 
second axis, and b the distance measured along this second axis 
between the foot of a and the foot of r. 

Then it is easily seen that the velocities of the C. G. of the second 
body parallel to the first axis, to the second axis, and the shortest 
distance respectively are 

rcosyjf.ylf, a</) + r cosi/^</), and 6</)-h^sini/^.\/r. 

And tlierefore if m' be the mass of the second body the kinetic energy 
of that body arising from the motion of translation of its C. G. 
will be 



m' 



— {{a-}-rcoByjfy^'^ + {bif} + r8inylf,yjrY + r^coB^\lf,yp^}, 

or — .{[(a + rcos>/f)2 + 62]<^2_^2 6rsini/^i/r<^ + ^^>^'}. 

The kinetic energy of rotation of the second body is 

where A, B, C are its principal moments of inertia about the C. G., 
and cop coj, 0)3 the rotations about the principal axes at that point. 
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The quttiititics a>,, a>.^, w.^ will be linear functions of 4> ^^^ ^ wit) 
coefficients functions of yjfj which can only be expressed when th 
circumstances of each particular ca«c are known. 

The kinetic energy of the fii-st l)otly is \ /<^-, where / is the momen 
of inertia of tliat body about the first axis. 

As a particular case, suppose the C. G. of the second hodj to h 
situated in the plane containing the first axis and the shortesi 
distance, i.e. suppose that ft = 0. 

Suppose also that the second axis is parallel to a principal axij 
through the C. G. of the second body. 

Then the kinetic energy of translation of tlie second body becomes 



7n' 



{(a + rcosVf)<^2 + »-^>^}. 



2 

And the kinetic energy of rotation of that body becomes 

i I {il cos2(i/^ + a)+ i5sin2(i/^ + a)} ip^-^Cyj^\ ; 

that of the first body being as before J /</)^. 

Therefore twice the kinetic energy of the whole system assumes the 

form ^p + g cos x/f + ^ cos- \lf-j-S cos* ^M^) <^' + ^ ^, 

where F, Q, B, S, and U are known functions of the given constants. 
And Lagrange's equations become 

-T- , {{F + Q cosyjf + B cos^ylf-i-S C08^ (ylf-^a)} ^) =i 4>, 

^ and ^ being generalised components of force corresponding to ^ 
and xjf respectively. 

If the first axis be vertical, and if gravity be the only impressed 

force, 4) = and ^ = - 7)/gr cos x/r, 

and therefore the equations become 

{F-{-QcoB\jf + Eco8^ylf + Sco8^{ylf + a)}<}> —. E (const.), 

E^ ^ {F + Q cosylf + E co8^ yjf-j-S cos^ylf -^ a)) 

Y r / 

''' {F-{-Qco3ylf + lico8'ylfi-Sco3^ylf-^a)f "= "^ ffrcosy^; 

or \ff^ + J 



(P + (? cos i/^ + 7? cos^ i/^ + aS cos^ (i/^ + a)) 

__ 2w'^?'(sin/3 — sin^) 
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giving yjr or -^ z=f (i/^) ; 

whence t may be found as a function of yjr by mere integration, and 
therefore conversely yfr may be found as a function of t. 

And then by substitution <^, and therefore (f), is found from the 
equation 

: dtp E 

9= -777 = 



dt P+ Q cos yjf + E co8^ \lf -{- S cos^{ylr -}- a) 

If the circumstances of the motion make a = 0, the expressions are 
slightly simplified by the two constants R and aS' blending into one. 

14.] If F^ denote the generalised component of impressed 
force corresponding to the coordinate g^, the work done per unit 
of time by the impressed forces on the system moving with the 
velocities ji, ... jnj ^^^^ ^s the increase per unit of time of the 
kinetic energy, is 2Fq ; or by Lagrange^s equations, 

y^dp d7\ 

^""^ dt -^^^dt dq ^^di^' 

'• ^^di-^n^didi^^di^] 

, • S^ > d d])^ ^dp^..} 



. dTA ^ . ^ . d d2\ ^ ^ . ^, d dj)^ 

If the velocities be indefinitely small the last term may be 
neglected in comparison with the others, because it involves only 
ligher powers of the ^'s. In that case, but not otherwise, we 



f 
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inny ('(|uatr the coofTioionts of each ^, and obtain for a system it 
rest, r7« 

If*/ 

If the vohn'itu'8 fju ... fjr 0"b' '^ reduced to zero, the woi 
done ]H*r unit of time nn the system moving with the remainiig 
vehx'ities f/^^^ ... y„ beeomos by arran^ment of the terms 

V" /%; = ,; V r [_0'r+i ... V r '7V+a .. , 

-^ r+i '^ 7 -" 7r+i — 1 J. '/^/r+a—l ^y* 7T... 

+ 7r-+i- r+, -^^.-7 + 7r+a- r+1 -^^^- tf + - .. + 2, r+i?-j-i 

• vn yV+i .. , • VM jPr+2 •• . • 

= 7i+,- r+, ', . 7 + 7r+2- r+i ■^^«' + «feC-» 



^ ''+»^ (Ay 



Now let ^, . . . //^ define the position of a moving spiee^ 
yr+i • ?n ^l^iit ^>f a system moving relatively to the space, h 
that case the second member of the last equation expresses tb 
increase per unit of time of the kinetic energy of the relstnt' 
motion. And the equation shews that this is obtained bysoV 
tracting from any component of force — e.g. f[.+i — the quanti^ 

^""i- Jp q, which is what the generalised component of effectiv! 

force corresponding to q^+i would be if the space were at rest 
and the system fixed to it, ^V+i ••• ^« being therefore zero. 
This expresses Coriolis' theorem. 

15.] To find the work done by any impulse acting on a nu* 
terial system in any given state of motion. 

Let q, p represent any components of velocity and momefr 
tum before the impulse acts, and let q + q^ and p+j/ be th« 
corresponding components after the impulse. 

Let P' be any component of the impulse cori'esponding to tb 
above-mentioned components of velocity and momentum. 
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Then employing the notAtion of the pK<»iing artie!<$ we kiK^w 
"that the work done by the impulse most be ci^^ial to 

T ^— r 

or T, + T^^^fi-T,. 

or i'S.pi'-Tlp'i. 

Let the new velocity ^ + ^ be dencted br Q, th«i this ex- 
pression for the work becomes 

2 

Also by D'Alembert's principle /*' = -P. 
Therefore the work done by the impulse whose generalised 
iomponents are Pj, Pg* ^^-j ^ 

If the impulse whose rectangular components are J, Y, Z act 
at a point of the system whose coordinates are jr. jr, j and com- 
ponent velocities «, t;, w, and if C, F, W be the values of m, r, w 
after the impulse, then the work done will be found by substi- 
tuting X, Ji Z for Pj, Pg, P3 in the above expression and making 
each of the remaining components, P4, P5, &c., zero; so that it 
becomes ^u-\-U ^v+F ^w+lT 

-Jl — — — + 1 — — — +^ j: • 
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MAXIMTM AND MINIMUM KINETIC EXERGT. 



AiJTicLK 10.] // am/ xt/sfcM at rest in ang configuratifm le^ld 
(m Iji/ a)n/ tfirni iM/fuhcM, t/tf khietic energy imparted tcitl bejredff 
the f/rcatrr the ninnttt'r of tictjreex of freedom of the system, JJ 
for every add\tin,m1 eon at rant t intnuiueed there will be a Imi 
kinetic euertfy vqiud to that of the motion w/iicAy comjwHnded witl^ 
iniconstralnrd^ vnidd /n'odt'ce the ctm^trained motion* (BertnnA 
Theorom.) 

For let 1\, 7^, &e. bo the j^eneralised components of impnii 
actin*^ on the system. Let q^^ q.^, &e. be the resulting cos* 
ponents of velocity, 7>j , p.*^ &c. the corresponding^ monaenta,iil 
T the kinetic energy. Then by what has been already piovd, 
we know that 

J\ = ;>, , J\, = ;>,, &c., and r = J 2^,^. 

Let any constraint, which we may denote by C, be intiodoflei 
into the system, such that when the same impressed impnbB 
act upon it as before, the velocities and momenta in Ik 
constrained motion shall be q^, q./, &c. and jt>j', p^^^ &c^ ml 
the kinetic energy !F = ^ 2^^'. 

In the constrained system the possible displacements dj^,, dfp 
&c. are no longer independent, but it is still true by D'Alern- 
bert's principle. Art. 6, note, that if ^^i, ^q.^, &c. represent aif 
possible values of these displacements in the constrained syBtem, 

although we cannot, as in the former case when the c)y's weie 
independent, equate the coefficient of each <^q to zero, and dediKX 
the equations P^z=p\, ^2=7^'2j ^^- ^^ ^^ clear that if ^ 
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take c)j'i, c)^2J &c» proportional to ^/, q^y &c., such values will 
be consistent values of the cJg^'s, and therefore 

2(P-;,')2'=0, 

or ^2^'i' = 2 jP^' = 2^>2 = ^/^' ^' 

Therefore 5^'= \ 2/^' = i 2;;^'. 

And T-T'= \ {2pi-^Pil 

since 2/(^-^') = S/^-^;/^' = 0. 

That is, T- T'= T^_^, 

The motion which has to be combined with the free in order 
to produce the constrained motion, that is the motion q^q, may 
be called tie constraining motion, 

17.] It follows as a corollary that the kinetic energy of the 
constraining motion ^'— ^ is less than that of any other motion 
which, compounded with the free motion, would cause the 
system to obey the constraint C: in other words, ^^_^, the 
kinetic energy lost by the introduction of the constraint (?, 
is the least possible. This is Gauss' principle of Least Con- 
straint. 

Let / denote the velocities which the system when subjected 
to the constraint (7, and to no other constraint, nctually takes 
under the given impulses. 

Let ^' denote the velocities in any motion whatever which 
• the system can have consistently with the constraint C, 

Then as we have seen, by D'Alembert's principle 



(1) 



and therefore also 2 (^— ^')^/' = 0. J 

Then ^ -^q'^ — q represents the velocities in any motion, different 
from q^—q^ which, when compounded with the free motion, 
satisfies the constraint C, And we have 
T^^-i- ?V-« = J S (/+ /'- p) {i'+ r- i)-\ S (/-/) {q'- q) 

= i S/Y' by (1) ; 
and this is necessarily positive, therefore 



^ 
> 
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This proposition sometimes admits of practical application 
if it 1)0 required to find the constrained motion when the free 
motion is known. If, for instance, only one degree of freedom 
be removed by the constraint, then the constraint may be ex- 
pressed by making some one function of the coordinates constant 
in the constrained, which is not constant in the free, motion. 

If y be that function, 2 -' q, the rate of increase of y per unit 

of time in the free motion, is known. In the constrained motion 
y is to be constunt, that is 

whence 2 -p- (7'— 7) = — 2 -;- J. 

aq ^^ ^' clq 

Now the kinetic energy of the ^— ^ motion is, as we have 
just seen, less than that of any other motion which, combined 
with the free motion, satisfies the constraint ; that is, in which 
the rate of increase of/* per unit of time is 



Therefore by Art. 10, 






from which jo'— j» may be determined as in Art. 10. 

For example, two free particles of masses, m^, m^^ move from 
rest under given impulses with velocities son yn z^, X2, ^2* h' 
It is required to determine the velocities with which they will 
move off under the same impulses if constrained to remain at 
a constant distance, r, apart by being connected by a string 
or rod without mass. If dp/, &c. be the new velocities, we have 

^1 {^i'"-^i} = A ^— , &c. 

And determining A as in Art. 10, we find 

dr 

. ~di 

A = 



kK/<-;<;\-^Mif-^^r*& 



1. 
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where -7- is the rate of increase of r with the time in the free 
at 

motion ; that is, 

^ m^m^ dr 

m^ + w*2 dt 



CADce 






= 1, 
and similarly (^^^C^^r + l^)^ = 1. 

Hence iB.'-j»^ = -_^!2_^Z:^^ 

m^-\-m^ r dt 






^1 + ^ r d< 
&c. = &c. 

The general problem of determining the constrained motion, 
when the free motion and the nature of the constraint are 
known, is more conveniently treated under the principle of 
least kinetic energy hereafter discussed. For every constraint 
must act at some definite point or points of the system, and 
may be conceived to consist in giving to these points certain 
new velocities in addition to the velocities which they take 
in the free motion. The kinetic energy of the constraining 
motion is then, as will be proved presently, the least which 
the system can have consistently with those points having the 
required new velocities. And this property, as will appear, 
suffices to determine the whole motion. 

18.] The proposition proved in Art. 16 has been put into 
a somewhat more general form by Lord Rayleigh in the Phil. 
Mag.y vol. xlix. § 4, which, expressed in the language of 
generalised coordinates, is as follows. 

Let Pj, p2> ^c« ^ *^y generalised components of impulse 
acting on any material system. 

I^^ ^u Q2» ^^' ^® *°y possible quantities whatever, and 
let T(i be the value of the kinetic energy of the system, when 
with the given configuration the velocity components are Q^, 
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Let the expression 2P(J— 7^ be denoted by the symbol % 
and let yjf be the value of ^ when for (J^, ^2> ^^' ^*^® ''^^ 
substituted the values ^j, q^^ &e. of the component yelocities 
actually assumed by the system at rest in the given confignra- 
tion when acted on by the given impulses. 

Tlien yjf is the greatest possible value of ^. For if /?i,J02j ^ 
be the momenta actually assumed^ we know that 

by Proix)sition VII, and is therefore essentially positive. 

The result of Art. 1 6 is a particular case of this proposition. 
For if Qi, (J^, &c. be the velocities assumed by the system when 
subjected to any constraint and acted on by the same impulses, 
^ is the kinetic energy assumed by the system, that is f^j, and 
the result just obtained assumes the form 

the same as that of Art. 16. 

19.] By the aid of the foregoing we may prove that when 
the masses of any part or parts of a material system are 
diminished, the connections and configuration being unaltered^ 
the resulting kinetic energy under given impressed impulses 
from rest must be increased. 

Substitute for the Q's in forming the function ^ for the new 
system the values j^, q^^ &c. of the velocities assumed under 
the given impulses in the old system, and let "¥ be the value 
of ^ thus found in the new system. Also let TJ denote the 
kinetic energy of the new system corresponding to the velocities 
^1 . . . ^„. Then .}/= 2 (Fq)-^T\, 

where 2 (Tq) is the same as 2 (Tq) in the old system, but T\ is 
clearly less than 7J^, because the configuration and velocities 
being the same the masses are diminished. 

Therefore "¥ is clearly greater than SPj-T^ or T^, Let 
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^'' be the value of ^ for the new system when the velocities 
actually assumed by it (supposed to be q^^ ^^^ &c.) have been 
substituted for the Q's. Then by the proof above 

And ^'' is the kinetic energy actually assumed in the new 
system. 

And we have proved that "V is greater than T^ the kinetic 
energy of the old system. 

Therefore h fortiori the kinetic energy in the new exceeds that 
in the original system. 

In other words, if the masses be diminished, the kinetic energy 
will be increased by the sum of two quantities, the first being 
the amount by which the kinetic energy is diminished when 
the masses are diminished with unaltered velocities, the second 
being the kinetic energy in the new system with velocities 
equal to the difference of the old and new velocities. 

20.] If a material systetn at rest in any given configuration he 
9et in motion in sue A a manner that the r velocities qiy q^'-ir ^^^'^ 
certain given values, and if the impressed impulses he stick that 
A+i> Pr+2'"Pn ^^^ separately zerOy then the resulting motion 
of the St/stem will he such as to render the kinetic energy the 
least possible consistent with the given velocities q^, qz-^qr* 
(Thomson's Theorem.) 

For the conditions that the kinetic energy should be a maxi- 
mum or minimum consistent with the r velocities ^j, q^^qr are 

or Pr+^ = p^^^ ... = 1?,^ = 0. 

•"^^ Sr+v ?r+2--?n bc thc valucs of the ?i—r unknown velo- 
cities determined from these equations, and let Tq be the value 
of the kinetic energy with these velocities, and let Tj be its value 
when any other values as ^r+i + ?'r+i---?n + ^'n a-re substituted 
for these «— r velocities, the first r velocities remaining the 
same as before, then 

T^ = T,-\-T,/-\-^pq\ by Prop. VII. 

D 2 
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where 2J^ is the value of T with the first r velocities separately 
zero and the last n—r velocities /r+i'--^'n respectively. 

Also in ^joq the first r velocities are separately zero and the 
last n—r momenta are also zero ; 

T :=z T A- T' ' 

or T.^T.-T^'-, 

that is to say, T^y the kinetic energy determined by the condition 
that the last w — r momenta are separately zero, is less than the 
kinetic energy with momenta different from these, and the first 
r velocities the same as before, by the kinetic energy of the 
system in which each velocity is equal to the difference of the 
corresponding velocities in the original and altered system. 

It follows from this Proposition that whenever a material 
system in any given configuration is set in motion by impulses 
entirely of given types in such a way that the velocities of the 
corresponding types have certain given values, then the motion 
of the system may be entirely determined by the condition that 
the kinetic energy assumed is the least possible with the given 
configuration and given velocities, the number of given equations 
among the velocities together with the equations of the form 
/? = being equal to the number of independent variables. 

21.] Hence we may deduce the following theorem : — 

If a material system at rest he set in motion hy any impulses^ 
the kinetic energy with which it moves off is the least which it 
can have consistently with the velocities assumed by the points at 
which the impulses are applied. 

For suppose that the connections of the system are such that 
r of the generalised coordinates are known functions of the 3 m 
coordinates a?, y^ z^ &c. of the points of application of the im- 
pulses and of these variables only. 

Let the points of application of the impulses be m in number, 
viz. Oi, Og •• ^m> ^^^^ ^^® 3;» coordinates of O^ ... 0^ areeaeh 
of them determinate functions of the r coordinates J'l, S'2> ••■ ?r- 

Let X, Yy Z be rectangular components of any of the impulses 
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acting at any one of these m points, then by definition any 
generalised component of impulse, as 1]^ will be 

dq, d(i, (Z/// 

Then P^ will be always zero unless a lie between 1 and r 
inclusive, for if a?, y, z refer to any point of the system other 
than O^y 0.2,.. -O^y the values of A', Y^ Z are separately zero; 
and if a?, y, z refer to one of these pointH, the values of 

J- 9 jT-f -y— will be separately zero if * > r, because the 
^. ^. ^. ^ ^ 

positions of these points are functions of the first r ^'s and 
of these only. 

In this case therefore the components of impressed impulses 
iy+j...^ are separately zero, and therefore the generalised 
components of momentum Pr^i-Pn ^^^ separately zero; and 
therefore if the velocities of the m points, and consequently 
the yalaes of ^i...^^, are given, the proposition of Art. 20 shews 
that the kinetic energy must be a minimum with these given 
velocities. 

It may also happen that some of the momenta corresponding 
to q^ '"ir — ^'S'Pr and^^_i — are zero. In that case the kinetic 
energy is not only the least possible consistently with q^...q^y 
but also the least possible consistently with q-^ ... qr-2' 

22.] The following are examples of the use of these theorems : 

JSxcMnple L The system of pulleys described in Art. 8 being at 
rest, let any velocity q^ in a vertical direction be given to the weight 
tn^ by an impulse applied at m^: it is required to determine the initial 
motion of the system. If there be only one moveable pulley, we have 
only to make p^ = 0, that is 

(mg - m.^) 2i + (mg + ni^) q^ = 0, 



?«2— m.. 



which determines the motion. In like manner if there be A moveable 
puUejTS, the expressions for p^y jOg, &c. given in Art. 8, equated to 
zero, give as many linear equations as are necessary for determining 
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Example 2. In the chain of A links discussed in Art. 8 let any 
velocities in the plane of the chain be given impulsively to P, the 
extremity of the r*^ link from by impulses applied at P. 

Here, unless r be unity, the system would lose generally two 
degrees of freedom if P were fixed, and therefore the rectangular 
coordinates of P might be expressed as functions of two generalised 
coordinates. In the system of coordinates employed in Art. 8 they 
are not in fact so expressed unless r = 2. Generally, 

X = S**! a cos Oy J/ = 2''j a sin 0, 

In order to determine the initial motion when r > 2, we must either 
first transform the coordinates, or seek by the general method of the 
calculus of variations to make T a minimum consistently with the 
given velocities of P, that is with 

^\ amxOe and S*", a cos 6. 

If for instance the velocity of P in one direction only be given, and 
be produced by impulses acting in that direction only, we may take the 
given direction for axis of x, and then we have from p^ to p^ inclusive 

^ oc sin ^, and 2^r+i = . .. ^\ = 0, 

from which the p's may be determined as in Art. 10. 

If the velocity of P be given in both directions, or if more than one 
point be struck, the expressions would assume complicated forms. 

23.] Certain very interesting examples of the use of the 
propositions of Arts. 20 and 21 are given in Thomson and Tait's 
Natural PAilosqpAy, These will repay fuller discussion. 

For instance, a rigid body is set in motion by a blow applied 
at a certain point in such a way that the velocity of that point 
has a certain determinate value in magnitude and direction. 

It is clear, from what we have just now proved, that all we 
have to do is to express the kinetic energy of the body in terms 
of the three component velocities of the point struck and three 
other variables, and to make this kinetic energy a minimum. 

Let the body be referred to the principal axes through 0, the 
point struck. Let u, v, w be the given velocities of 0; ^i^x? «>y, a>, 
the angular velocities round the coordinate axes ; Ay B^ C the 
moments of inertia round the axes ; x^ y,z the coordinates of 
the centre of gravity; iff the mass of the body. Then we have, 
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since the component velocities of any element m of the mass of 
the body situated at a?, y^ z are 

w + «co^ — yo),, v+a?a),— ccoj., and w + yto^ — x-w^, 

whence we obtain by the ordinary method, making Ta minimum, 

A(jiij^-\-M \wy—vz) =0, 

7ia>y + J/ { ?^ ^ — <^.7'} = 0, 

Ca>3 + J/ { rX' — w y } = 0, 

which determine Wa., w^, co.. We might in this ease obtain the 
same result from the assumption tliat the moment of momentum 
round each axis through is zero. 

24.] Again, an inextensible string is set in motion by im- 
pulses apj)lied at its ends in such a way that the velocities 
assumed by the ends have certain given vahies. 

We have to express the kinetic energy of the whole string, 
paying regard to the equation of continuity which expresses tlie 
inextensibility of the string, and remembering to take account 
of the given velocities of the points pulled. 

This example is fully worked out by Thomson and Tait, 
pp. 226-229. We here vary the geometric treatment by intro- 
ducing the notation of quaternions. 

It is obvious that the terminal impulses are necessarily tan- 
gential^ since any impulses applied at right angles to the tangent 
would generate in the extremity of the string an infinite velocity, 
without instantaneously affecting any other portions of the 
string. 

Let /m ^ be the mass of an element cU of the string at V, 

Let pp be the vector from the origin to T?, pp the vector velo- 
city of P. 

Also let pq, pq be the corresponding vectors for a neighbouring 
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point Q of the string. Then, by the condition of inextensibility, 
T^pp'-'Pq) is constant; that is, 

or S,{pp — pQ){pp — pii) = 0. 
Thatis, ^.^^=0; 

as as 
or, writing as usual / for ^ > 

«''''^=» « 

Again, 2T=: H-P^ds, 

8 being the length of the string. Then, making T a minimum 
subject to (1), we have by the calculus of variations, 



Jls{,.p^p + K/qi\ds=0, 



k being an indeterminate multiplier. 

Integrating the second term by parts, and reducing to zero 
the terminal values of dp, we obtain 

whence /ut p = — (A /), 

- p = liM (2) 

d- d- 

. dp ud\ , fx^ ,, I d^X , 2 d\ „ k ,,, 

ds ds ds ds fi dr '^ fi ds fi 

We then substitute this value of -~ in the equation (1), 

attending to the following known relations, 

^/)'M.e.p'«=-l, Sp'p" = 0, Sp'p"'=-p"'=-^, 
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where r is the radius of absolute curvature^ and obtain 

fxds''^ ds d8 fxr"^^ ^^ 

This determines \ with two arbitrary constants. 
Ag^in, we have from (2) 

Now p' is a unit vector in direction of the tangent, and /' a 
vector proportional to - in direction towards the centre of curva- 

T 

ture. Hence we see that X is the impulsive tension at a point 
in the string, and that the velocity which the point acquires 

instantaneously is the resultant of — j- tangential, and — 

towards the centre of curvature, and is independent of any 
variation in the plane of curvature. At either end />" is in- 
determinate, therefore (2) gives at each end only one equation 
for determining the two arbitrary constants, namely that ob- 

tained by equating - -z- to the gfiven tangential velocity at the 

end in question. If the velocity at one end only be given, then 
at the other end, as we cannot make dp zero, we must, in order 
for y to be minimum, make A. zero. A = is then one of the 
two equations for determining the constants. 

25.] Again, a smooth vessel, full of incompressible fluid, is 
set in motion with any given velocity, find the resulting motion 
of the fluid. 

In this case the position of each point of the rigid body re- 
presented by the containing vessel is a determinate function of 
six of the independent variables, and the given velocities of all 
the points of the vessel also determine the six component velo- 
cities corresponding to these six variables. Also by whatever 
impulses the vessel is set in motion these impulses must pass 
through some points of the vessel. Therefore the general pro- 
position of Art. 21 applies, and we have only to express the 
kinetic energy of the vessel and contained fluid, regard being 



42 EXAMPLES OF [25. 

paid to the equation of continuity of the fluid and to the velo- 
city conditions of the vessel, and to make this kinetic energy a 
minimum. 

Let be the velocity given to any point P on the surface 
of the vessel resolved in the normal to the surface. Then a 
particle of the fluid adjacent to P takes the same normal velo- 
city 0. 

Let <>i; be an element of the normal. Let K be the density 
of the fluid at any point. K is therefore an essentially positive 
quantity. Let a?, y, z be the coordinates of any point referred 
to rectangular axes. Let ?^ be a function of x^ y, z satisfying 
the following conditions, viz. 

dv 
at every point on the surface, and 

A iK—\ + — (^ — ^ — {K—\ - 
dx^ dx^ dy^ dy^ dz^ dz' ^ 

at every point within the vessel ^, 

Let u, V, to be the initial velocities taken by a particle of the 
fluid. Then a motion in which 

dV dV , dV 

u = -^r- f V = ^— > and w = -7— i 
dx ay dz 

satisfies the surface condition 

%=^ •(') 

at every point on the surface, and also satisfies the equation of 
continuity, viz. 

at every point within the vessel, and is therefore a possible 
motion of the liquid subject to the given surface conditions. 

If we can show that it has less kinetic energy than any other 
motion satisfying the same conditions, it must by our principal 
proposition be the motion actually assumed by the liquid. 

♦ See Maxwell's Electricity^ vol. i. p. 104. 
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If the actual velocities be not 

dV dV , dV 
-=— > 1— » and -j-- 
dx dy dz 

at every point, let them be 

_+a, _+^, and^+y. 

Then in order that the surface conditions and the equation of 
continuity may be satisfied, we must have 

a = 0, /3 = 0, y = 
at every point on the surface, and 

^(ira)+|^(i./3)+|(A» = 

at every point within the vessel. 

dV 
Then the kinetic energy of the motion -j -fa, &c. is 

+ \ jjJK {c?+^+Y'}dx dy dz 

By Green's theorem the third line is equal to 
ff^Va dy dz -h [[kV^ dx dz + f f KVy dx dy 

and is therefore zero; since a, /3, y are zero on the surface, 
and the quantity under the triple integral is zero within the 
vessel. Hence 



is less than 



//MC>'-f)'+(f)1^** 



dV 
and therefore the kinetic energy of the motion -j- , &c. is less 
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than that of any other motion satisfying the given surface con- 
ditions and the equation of continuity. This motion is therefore 
the actual motion. The process itself shews that there can be 
only one function, Vy of or, y, z satisfying conditions (l) and (2), 
except as such function may be varied by the addition of a con- 

dV 
stant. Therefore -^ , &c., or u^ v, and w, have single values at 

every point in the fluid. In other words, for any given initial 
motion of the containing vessel there is a single determinate 
motion of the fluid. 

Evidently ^- = 3- > &c., and the motion is of the kind called 
ay ax 

non-rotaiional, Fis called the velocily potential. 

The above investigation would evidently apply if, instead of a 
single vessel enclosing the liquid, there were several vessels, and 
if the liquid had immersed in it any rigid or flexible bodies 
bounded by closed surfaces. 

26.] In Thomson and Tait's Natural Fhilosophy the use of 
generalised coordinates is illustrated in a very interesting man- 
ner by their application to certain cases of fluid motion. 

Given an incompressible homogeneous fluid, either infinite 
in extent or bounded by any finite closed surfaces of any form, 
and with any rigid or flexible bodies moving through it, it may 
be proved that the kinetic energy of the whole fluid is known 
at any instant if the velocities of the containing surfaces and 
those of the moving bodies are known. 

This truth can be established by some such reasoning as 
follows. It is true that although the positions of the containing 
surfaces and immersed bodies be known, the system has in re- 
spect of the relative motions of the particles of the fluid a prac- 
tically infinite number of degrees of freedom left, and might 
conceivably have kinetic energy although the containing surfaces 
and immersed bodies were all at rest, yet we may suppose the 
relative positions of all the particles of the fluid to be determined 
by certain generalised coordinates ^'i-.j'^, r being sufficiently 
great, and g'^^.j . . . 5'„ being the remaining coordinates of the 
system, those namely which define the position of the containing 
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surfaces and immersed bodies. If now the containing surfaces 
or immersed bodies be set in motion by any impulses from rest, 
we have already seen that the kinetic energy of the whole system 
is the least which is consistent with the velocities assumed by 
those surfaces and bodies, that is with y^+i ... y„, and therefore, 
by Art. 20, the generalised components of momentum corre- 
sponding to $^1 . . . ^r ^^^ severally zero. It is evident also that 
any impulses which if applied to the system at rest would make 
j^i . . . JD,. zero^ will not if applied to the system in motion, how- 
ever they may alter the velocities, give to Pi ... Pr any values. 
Hence, so far as impulses applied to the surfaces and immersed 
bodies are concerned^ Pi "• Pr remain zero for all time. 

If any finite forces act on the system, the same result as re- 
gards j?^ ...Pr follows from Lagrange's equations. For 

dp_dT_dU 

dt^ dq dq 

for each of the coordinates Ji-.-j'^. Now if the containing 
surfaces and immersed bodies were all at rest and fixed in space 
the forces acting on the system could have no tendency to pro- 
duce relative motion among the particles of the fluid, it being 

homogeneous. Hence for J'l ... j'r, -,- = ; and evidently also 

-j-= 0. Hence ^ = 0: and the motion bein<j from rest, p = 0. 
aq at a ^j 

It follows that in such a system as we have supposed, to 
whatever finite or impulsive forces it may be subject, provided 
the impulses act at points in the containing surfaces or immersed 
bodies, the components of momentum jOj ...jr^ are always zero. 
And therefore the kinetic energy of the entire system at any 
instant can be expressed in terms of the momenta corresponding 
to the remaining coordinates j'^+j ... q,^, which define the posi- 
tions of the containing surfaces and immersed bodies. 

It follows, by Arts. 20 and 25, that the motion of the entire 
system at any instant is that which it would take if, the whole 
being at rest, their actual velocities at that instant were im- 
pulsively given to the containing surfaces and immersed bodies. 
If, therefore^ the positions of these containing or immersed 
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surfaces are determined by a certain finite number of coordinates, 
the whole motion of the fluid and of the immersed bodies may 
also be determined in terms of these coordinates. 

27.] The first two of the following three examples are taken 
from Thomson and Tait, p. 262, &c. 

Example 1. A ball is set in motion through a mass of friction- 
less incompressible fluid extending infinitely in all directions on 
one side of an infinite plane and originally at rest. 

The position of the ball, and therefore by our general pro- 
position^ the whole motion is determined if the coordinates of the 
ball's centre a?, y, z at the time t are known. 

Let the axis of x be taken perpendicular to the bounding 
plane through any point whatever of that plane ; then the kinetic 
energy T must be a quadratic function of iP, y, and i, with co- 
efficients certain functions of x, y, and z. 

It is clear that T remains of the same value when either y or i 
has its sign reversed, and therefore the terms in x^, xz^ and ^z 
do not occur in T, which is therefore reduced to the form 

where P, Q, and R are functions of x only. 

From the symmetry it is clear that Q = ^, and hence 

If therefore X, Y, and Z are the generalised components of 
force corresponding to a?, y, and z^ Lagrange's equations give us 

Example 2. A solid of revolution moving through a friction- 
less incompressible fluid infinitely extended so as to keep its axis 
always in one plane. 

In this case there are three degrees of freedom, and therefore 
three independent velocities in terms of which the whole motion 
may be determined. 

Let these be chosen as the two components of the velocity 
of any point in the axis of figure, and the angular velocity about 
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an axis through the same point perpendicular to the plane in 
which that axis moves. It is assumed that the body has no 
rotation about its axis of figure. 

If u and q be the resolved parts of the velocity of the point 
along and perpendicular to the axis of figure, and w the angular 
velocity about the axis through this point, it is clear from our 
general proposition that the whole kinetic energy of the body 
and fluid is 

For the reversal of the sign of u cannot affect T, 

Ay By Cy J5 also are obviously constants, since the liquid is of 
infinite extent. 

By properly selecting the aforesaid point in the axis the 
equation for T may be reduced by obvious reductions to 

u and V being the velocities of the new point in the aforesaid 
directions. 

If be the angle between the axis of figure and the axis of a?, 
and X and y the coordinates of the aforesaid point, we get 

117 = ^, w = » cos ^ + y sin ^, t? = 2/ cos ^— ac sin ^ ; 

dT . dT dT 

— T^BOy -^rr = Au COS 0—Bv Bind, -rr = AusmO + Bv cos : 

do ^^ ^y 

-^^(A^B)uv, - = 0, -^- = 0. 

Also, if A, f, r) be the generalised components of impulse cor- 
responding to Wy Xy and ^, 

de 

f = -iwcos^— -^vsin^, 
And Lagrange's equations give us, 

^- r ^- y. 
dt^ ' dt^ ' 
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i, X, and Y being generalised components of force corresponding 
to w, X, and y. 

If i, X, and Y each = 0, and if the axes be so taken that 
?y = 0, as is clearly possible in this case, we get 

Q 

The case of the common pendulum where = - • 

Example 3. As a third illustration we may take a case of 
motion in three dimensions as follows. 

An ellipsoid of revolution moving in an infinite mass of friction- 
less incompressible fluid — no forces. 

If u^ Vy to be the velocities of the centre resolved parallel to 
the three principal axes, and if o)i, Wg, 0)3 be the angular velo- 
cities about these axes, it is clear from our general proposition 
that the whole kinetic energy, T, of the liquid and ellipsoid may 
be expressed as a quadratic function of these six quantities Uy t?, w^ 

^\i ^2> ^3' 

Also from the perfect symmetry it is clear that terms involving 
the products of these quantities cannot appear in T, and there- 
fore that 

where A^ £, and 1) will be certain constant quantities, and 

where C is the moment of inertia of the ellipsoid about its axis. 

If X, y, z be the rectangular coordinates of the centre, and if 

0, </>, yj/ be the angular coordinates of ordinary use in determining 

the orientation of a rigid body, we get by obvious substitution 

and reduction, 

dT 

-jT = Au {cos\/^cos</)cos^— sin(/)sin\/^} 

— Av {cos \/^ sin (/> cos $ + cos sin \/^} + Bw cos yjf sin 0, 

dT 

-p- == Au {smylf cos (j) cos ^ + cos \/^ sin (/>} 

+ Av {cos (f> cos \/^— sin yj/ sin (f) cos 0} + Bw sin "^ sin 0, 

dT 

-rr = Au sin cos (/) — -4 1? sin ^ sin (/) + Btv cos 0, 
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If the motion be produced from rest by an impressed impulse 
F parallel to the axis of z^ then 

— -0 — -0 ~=:F' 
dx "^ ' dy "^ ^ dz '^ ' 

Now -j-r = and -^r = 

dx dy 

give — -T= ;— r = — -j-tan^w, 

COB 9 sin 9 A 

or t^ = — jtandcos(/>u/, t; = +-jtan^sin0tt;; 
and substituting in ^ = J', we get 

i£r = -— cos ^ ; 

whence substituting in the equations, giving i, j^, z in terms of 
«, », and «?, we get 

a = i'(-j — -^)coB^sindcos\/r, y = /'(- — ) sin d cos ^ sin \/r, 

A-« p/Bin«^ cos^^ 

Since 

0)3 = ^ + \^cos^, 0), = rfcosc/)— \^sin^sin^, 

coj = ^ sin </) + \^ sin ^ cos 0. / 

It follows that T is independent of >/f, and therefore Lagrange's 
equation corresponding to the coordinate yjf becomes 

d ,dT. dT 

-7- ( — r) = 0, or —7 = E (a constant). 

dt dyjf ^yjf 

But —7 = 2>a)i — r + -Dco^ — ^ + (7 0)3 — ^ 

dt^ (it^ dy^f dyjr 

= DsmO {coj cos </)— coj sin (/>} + CtOj cos 6 
= i^sin^^x^ + CcOjCOS^; 
.-. 2> sin^ ^\/f + C 0)3 cos ^ = ^. 
And r may be reduced to 

i2>#+i2>sinM>^ + i(?^3' + i^'(^ + ^)- 

E 
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28.] Lord Rayleigh has pointed out a remarkable analogy 
between the dynamical theorems hitherto demonstrated and 
certain statical theorems, generalised components of velocity 
being replaced by small displacements, generalised components 
of momentum by impressed forces, and kinetic energy by po- 
tential energy of deformation. 

For example, suppose a statical system under the influence of 
given impressed forces, which are either constant or functions 
of the positions of the particles, to be in a position of stable 
equilibrium ; the potential energy of the system must then be 
a minimimi. Let it be ^. Let the system be slightly displaced 
by the application of certain additional forces, and let the gene- 
ralised coordinates of the displaced position reckoned from the 
position of stable equilibrium be Ji . . . j». The potential energy 
of the displaced system will then he f^-{-F, where T is a quad- 
ratic function of j-j ... j^, involving generally coeflBcients fiinc- 
tions of the coordinates, a, i, c, . . . , of the position of stable equi- 
librium. F is defined to be the potential energy of deformation. 

Also the generalised components of force Pi,,. P^^ required 
to produce the deformation q^.^.q^^ are linear functions of ji . . . j^n 
with coefficients functions of a, b, c, .., such that 

Pi = ^, P„ = ^, &c.; andr=i2Pgr. 
dq, dq^ 

We can then by means of these linear equations prove ^ 

series of propositions exactly analogous to Propositions IV-VI J- 

of Art. 9 ; and in particular we can prove that if P^ , . . P^ h^ 

the forces producing the deformation Ji ... j^ni while P{,,,P^ 

produce q^.,, q^ from the same position of stable equilibrium^ 

then 

SP.-Si",. or S^,'=S§,. 

Then we may prove a proposition analogous to that of th^ 
maximum kinetic energy (Art. 16) above, namely, that if such ^ 
material system be held in equilibrium, in any position slightlj/" 
displaced from that of stable equilibrium, by means of forced 
applied from without, the potential energy of such displacements 
will be greater the greater the number of degrees of freedom^ 
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Xn the constrained sy&tem it will no lon^r be true that 

' dVy ^ jr 
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'^^osrase the displacements are no longer independent, but, by 
f^^^Qoning in all respects analogous to that of Art. IG above, 
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••• ^f (^-20 = 0; 

= r^.^. (See Prop. VII. Art. 9.) 
That is, r^-r^'=V^^^, 

whence the proposition is proved. 

29.] Again, if the expression 2PQ— ?q be denoted by ^, 
where the P's are the given forces, and the Q'b any whatever 
small displacements, and Fq the potential energy of deformation 
corresponding to the Q's, and if -^ and >/f' be the values of ^ 
when q and / respectively are substituted for Q, that is >/f = ^^, 
yjf^ =zT^^ then we may easily prove, as in Art. 18 above, mutatis 
mutandis, that 

from whichfoUows^ as a particular case, the resultalready obtained, 
F,-r,. =V.-^'= 12.(^ -^) (2-y') =F,_y. 

30.] Hence we may shew that if the stiflhess in any part or 
parts of the system be diminished, the connexions remaining 
unchanged, the potential energy of deformation will be increased. 
For if the displacements were the same it is evident that the 
potential energy would be diminished, there being less stifihess, 
that is, ?q KTqyii V^ be the potential energy of deformation in 
the new, V^ in the original system with the same displacements 
j'l ... q^* 

Now in the function "if, formed for the new system, let the 
Q's be the original g'^s, and let ^' be the value of \/f in this case. 

Then 4^=2P^-T^'; 

.-. "¥ > "S.Fq-Vq because r/< V^ ; 

.\ ^ >Vq, since ^Pq-V^ =7^. 
But if q{, . . qn be the actual values of the displacements in thfe 
position of equilibrium of the new system under the impressed 
forces P, it follows, as above proved, that V^' >'V \ therefore, 
a fortiori^ ^'>^* 
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31.] There is also a statical analogue to the theorem of mini- 
mam kinetic energy of Art. 20, which may be stated as follows :— 

If a material system be held in a deformed position with 
given values of certain of the displacements, suppose q^ ... g'r> 
reckoned from the position of stable equilibrium, then the po- 
tential energy of deformation will be the least possible when the 
external or additional forces by which the displacements are 
produced are exclusively of the types corresponding to those 
displacements, and the potential energy of any other deformed 
position having the same values of qi ... qr exceeds this least 
potential energy by the potential energy of the displacement 
which is the difference of the two positions. 

The proof of this is analogous to that of the corresponding 
dynamical theorem. Let P^ ,,. P^ be the forces necessary to 
produce the given displacements qi ... qr when P^+j ... P„ are 
severally zero. Let F be the potential energy of deformation 
in this case, F' that in some other deformed position having the 
same values of q^ ... q^; and let P^ + P^\ P^-^-P^^ &c. be the 
forces^ and q^ + qi^ J2 + ^2^ ^^« ^^^ displacements in the latter 
case ; then by hypothesis every /f from q^ to q^ inclusive is zero, 
and every P from P^+i to P^ inclusive is zero ; therefore 

therefore F'= i 2 (P + P') (^ + q') 

= i2P^ + i2P'/ = F+i2PY, 
as was to be proved. 

Hence we can deduce a theorem corresponding to that of 
Art. 21, viz. 

If a material system in stable equilibrium under the action of 
its own forces undergo any small displacement or deformation by 
fresh forces applied from without, being so forced into a new 
position of equilibrium, the potential energy gained by such 
deformation is the least which the system can have consistently 
with the displacements, whatever they may be, of the points 
at which the fresh forces are applied, 

82.] Our dynamical equations have also analogues in electro- 
statics. It can be shewn, for instance, that in any system of 
conductors in equilibrium relations exist analogous to those 
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established for a dynamical system, generalised components of 
momentum and velocity being replaced by the potentials and 
charges of the several conductors, and kinetic energy by the 
intrinsic energy of the system, that is to say, the whole work 
which would have to be done to bring the charges from an 
infinite distance to the several conductors against their mutual 
repulsions. It is understood that the charges of the same sign 
repel one another according to the law of the inverse square. 

Let Cj ... (7, be the several conductors, ji . . . jn ^^^ generalised 
coordinates defining their positions in space^ e^.-.e, their charges, 
Fj . . . ?, their potentials when the system is in equilibrium, and E 
the intrinsic energy. Then the work which would have to be 
done to bring an infinitely small quantity of electricity, de, to 
the conductor C, from an infinite distance is evidently Tide. 
Hence we obtain generally 

de 

Again, let us suppose all the charges to be originally zero, 
and to be gradually increased pari passu in the same ratio till 
they attain their value in the actual system ; the potentials at 
any instant during this gradual variation are proportional to the 
charges at the instant. It follows, as shewn by Maxwell, Elec- 
tricity and Magnetism, part I, chapter iii, that each potential is 
a linear function of all the charges, with coeflScients depend- 
ing on the forms of the conductors, and the coordinates Ji... j^w 
defining their positions in space. 

It follows also that E = J 2 Fe ; * 

and E is therefore a quadratic function of the charges having 
coefficients functions of the q^B. 

If the charges e^,.,€^ produce potentials ^... ?i, while e(,..e^ 
produce ^'.../7> evidently e^-^e^^ &c. will produce i^— ^', &c. 

* For suppose the charges to be introduced uniformly during any time. Then 
after time t they will be K^t ,,,K^U and the potentials Cit ...Cgt, where the K*a 

and C*a are constants. Then, since -j- — V, we have 

ae 

«E « SF«e =» XCKm; whence E = ^^CK^ = ^^Ve, 

no constant of integration being required, because when < = E = 0. 
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If the linear equations be 

f[ = Aiiei+A^e^ + Scc, 

then, since -j- = V^ yre must have -^jg = -<^2i> ^-j t^^** is> 

generally, dV^ dVj, 

de^, de^ 

Conversely, every ^ is a linear ftinetion of all the Ps, and E 
may be expressed as a quadratic function of the F's with 
coefficients functions of the ^s. When so expressed we shall 
write it Ep-, and when expressed as a quadratic function of the 
charges, E«. 

It follows then firom the linear equations connecting V and e^ 
that d'EiV _ 

Also that if ^1 ... ^ be the potentials of the several conductors 
when the charges are ^1 . . . ^,, and if V{. . . ?7 be the potentials of 
the same system of conductors in the same positions when the 
charges are e/, . . ^/, then 

This result can be established by an independent method ; see an 
article by Clausius in the PAilosopAical Magazine^ vol. iv, Fifth 
Series, p. 454. 
83.] We can now prove as in Proposition III of Art. 9 that 

aE^ ctEjr 

dq dq 

the potentials in the one coefficient, and the charges in the 
other, being treated as constant^ and the forms of the conductors 
in either case unaltered. 
For since E^ + E^ = 2 E = SFij, 

let us suppose e^ F*, and q all to vary. 
Then we have 

the summations being for all d^s or all d^'s &c. as the case may 
be. 
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But ^=r and ^=«; 

de dV 

therefore the above equation is reduced to 

in which the summation is for all the d^'s. 

And since the ^^s are independent, therefore for each co- 
ordinate y, dE^ dEy ^ 

dq dq '^ ' 

dE 
Now -y-^ ^g is the diminution of the intrinsic energy of the 
aq 

system consequent on the conductors undergoing the displace- 
ment in space denoted by ^q, all the charges remaining 

dE 
unaltered : and therefore r-^ measures the mechanical force 

tending to displace the conductors in the manner denoted by ^j. 

dE 
Similarly — -j^ is the mechanical force tending to displace 

them in the same manner, if by any means the potentials be 
maintained constant during the displacement, while the charges 
vary. And the equation just obtained shows that the resultant 
mechanical forces are equal and opposite in the two cases. This 
result is obtained in a different way by Maxwell in the work 
above referred to, vol. i. p. 95. 

34.] If any two or more conductors originally insulated be 
connected together, so as to form one conductor, they acquire 
of course uniform potential, and a new distribution of their 
charges takes place, the potentials of other parts of the system 
undergoing corresponding alterations. If ?^ . . . ?i and ^^ . . . ^, be 
the original potentials and charges, and V^ ,.,V^ and e{.,,e^ 
those after the connexion is established, we can prove the 
following theorem, viz. 

2Fe' = SF'e = SrV or 2(7- V')e':= 
being the analogue of the equation 

^{p-p')q' = 0, 

deduced in Art. 16 from D'Alembert's principle. 
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For in the case of every conductor which retains its insulation 
e = /, and therefore Pd= V'tf. 

In case of a group of conductors which become connected^ 
V^ is the same for all members of the group, and the sum of 
the charges is unaltered. Therefore 

2F'e = 2FV, 
2 denotiug summation for the group. It follows that for the 
entire system 2F/= 2 F'e = 2 FY (1) 

Hence we can prove a theorem analogous to that of Art. 16, 
viz. that if any two or more conductors be connected so as 
to form one conductor, the intrinsic energy of the entire 
system is diminished by an amount equal to the intrinsic energy 
which the system would have, if the charge on each conductor 
in the entire system were the difference between its charges in 
the original and altered state j that is, that 

2F6 = 2FV+2(F-F')(«-eO. 
For 2 F6-2 FV = 2 Fe-2 F/, 

=:2F(.-0, 
= 2(F-r)(e-eO; 
because 2F'(e-eO = by (1); 

i.e. 2Fe = 2FV + 2(F-F')(e-0> 
as was to be proved. 

The loss of intrinsic energy is therefore equal to the work 
which would have to be done to bring to all the conductors, 
supposed originally uncharged and insulated, the charges d— /. 

It follows that if a given quantity of electricity be distributed 
over a surface, the intrinsic energy is the least possible when 
the distribution is such as to make the potential uniform over 
the surface. And the same law holds for a number of surfaces 
if the charges on each be given. 

Hence also if a number of insulated conductors be so charged 
as to have potentials T^,,,?^ respectively, then if they be all 
connected together, they will assume the common potential 

where a- is for each conductor proportional to the charge which 
the conductor has after the connexion is established. 
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35.] Again, in electrokinetics the principle of minimum kinetic 
energy can be applied to establish the theory of induction 
currents. For instance^ let there be a number of wires C-^...C^ 
each forming a closed curve or circuit. Let electric currents 
be set up in these wires. If we denote by ^^ the quantity of 
electricity that has passed in the positive direction through a 
section of the wire C^ since a given epoch, the current in the 

wire Cj at any instant will be represented by -^ or <^i . 

With this notation the electrokinetic energy of the system at 
any instant is 

See Maxwell's Electricity, Vol. II. Art. 678. 
In this expression the coefficient L^ is 

cose 



// 



dsds', 



where ds and ds^ are two elements of the first circuit, - the 

r 

mean inverse distance between them*, e the angle between 

their directions both taken the same way round the circuity and 

the integration includes every pair of such elements. L^,..L^ 

have corresponding values for the other circuits. 

In like manner the coefficient M^^, ^® 



// 



cos € _ - 

as 1 082 f 



where dsi is an element of the first, and ds^ of the second circuit, 
r and c having the same meanings as before. 

In the language of quaternions, if p^ be the mean vector 
potential of the first circuit, pg that of the second, and so on, 

* The wire having small finite thickness^ let a be the distance £rom a point in a 

section of (^ to a point in a section of ds'; then- is the mean value of- for aU 

r a 

guch pairs of points. In forming the mean vector potential for the circuit — has 

the same signification. 
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i/i,= --r-/^/>i (?«,=- -J- Sp^ds^, 

&c = &c. 

Now, there being initially no currents in the wires, let a 
current ^^ be suddenly generated in the wire C^ by an electro- 
motive force applied to that wire, all the wires remaining at 
rest in space. It is then observed that currents make their 
appearance simultaneously in the other wires. These are called 
induced currents. 

Their values at the instant of the current ^^ being created, 

that is before they sensibly decay by the resistance of the wires, 

are determined by the condition that the electrokinetic energy 

of the system is to be a minimum consistently with the existence 

of the current ^^ in the wire C^ . That is by the equations 

dT ^ dT ^ 

-^ = 0, T^ = 0, 

in all as many equations as there are induction currents to be 
determined. 

To take for simplicity the case of two circuits, if the current 
<^ be suddenly generated in C^ by an electromotive force applied 
to 6\, then in order to determine the current ^^ induced in C2, 
we shall have the equation 

— ^ = or ifc^i + Zj^ = 0; 

M . 
that is, ^2^^ T~ ^1* 

Now 2/2 is a necessarily positive quantity. Therefore (^^ is in 
the same direction round the circuit as <^j, or in the opposite 
direction, according as M is negative or positive. 

If for instance both wires be circular and in parallel planes, 
and so placed that the projection of the first on the plane of 
the second lies outside the second, M will be negative, and c^^ 
therefore in the same direction as ^^. That is, both currents 
viewed from above may be in the same direction as the motion 



60 * INDUCTION CURRENTS. [35. 

of the hands of a watch. It follows that if we compare those 
portions of the two wires which are nearest to each other^ the 
current in G2 will be in the opposite direction in space to that 
in Cy^. If one be from south to north, the other will be from 
north to south. This agrees with the observed phenomena. See 
Maxwell, Art. 530. 

If the current ^i bo generated gradually, the rate at which 
the current <^2 ^^ destroyed by the resistance of the wire will 
generally bear a finite ratio to the rate at which it is generated 
by induction. But if the resistance be very small, we shall have 
the equation 

dt ~' L^ dt 

to express the rate of variation of tp^ in terms of that of c^^. 
This is called induction by variation of the primary circuit. 

Next let us consider the case of induction by variation of 
the position of the circuits. The currents in the two circuits 
being ^^ and <^2> ^^^ *^^ second wire without change of its own 
shape be made to change its position in space relatively to the 
first wire, so that M will vary, i/j and L^ remaining constant. 
Further, let us suppose that no external electromotive force acts 
on either circuit, and that the resistance of the wires may be 
neglected. In that case we have by Lagrange^s equations 

A^_A^-0 ^ dT dT _ 
di d^^ d^i "" ' de d^^ W^'^ ' 

or since T is evidently independent of <^i and <^2> 

d dT ^ d dT 

^ dcj)^ dt d(f>^ 

T d(bi , T.rd<l>.2 . 1 dM 

itrdfby . y dd>„ . dM 



whence 



^^1 _ dM Mipi — Zj <^2 
~df "■ W L^L.,-M^ ' 

• • • 

d<f)^ dM M<f).^—L^(f>^ 
~df " W L^L^-M^ ' 
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If q be one of the coordinates defining the position of the 
second wire relatively to the first, we shall have evidently for 
any displacement denoted hy'bq 

• • • 

d<l>i dM M^^ — ^8<^2 
dq "^ dq L^L^^-M^ 

d(f>2 dM M^^ — -^1^1 

Now the electromagnetic force tending to increase q is 

(Maxwell, vol. II. Art. 583) 

dM . . 

The variation of x due to the variation of the currents by 
induction is found by differentiating this expression regarding 

-3— as a constant. That is, 
aq 

dx dM i » d^^ . d^^ 



dq dq 






_ dM, 2Jifj>,4~A» i '-A4' 

"^dq^' L^L^-^M^ 

Now j&i, i/2, and LiL^—M^ are all necessarily positive, and 
therefore ^L^L^—M\s necessarily positive, and 

is necessarily negative. Hence the last equation shews that 

-r^ is necessarily negative. That is, the effect of displacing the 

second wire in any direction relatively to the first is to generate 
in the two wires induced currents which diminish the force 
tending to cause displacement in that direction. This agrees 
with the observed phenomena. See Maxwell, Art. 530. 



CHAPTEE III. 

CHARACTERISTIC AND PRINCIPAL PUNCTIONS. 

Article 86.] Definition. If T be the kinetic energy of any 
material system, and if A be equal to the definite integral 



1/ 



Tdt, 

A is called the Action of the system from the time t^ to the 

time t. 

In any conservative system^ the Action between two ^iven positions 
of tie system may always be expressed in terms of the initial and 
final coordinates of the system and the total energy ^ and when thus 
expressed it satisfies the equations of which the following are types: 
dA dA ^ dA ^ ^ 

(gy p) being any coordinate and corresponding momentum in the 
final position^ and (qoiPo) being the values of these magnitudes in 
the initial position^ and E being the total energy. 

For if the time t be reckoned from the beginning of the 
interval, the 5^8 and the jo's may by proper equations be ex- 
pressed in terms of the ^q^s, the initial values of the momenta, 
and the time t, and therefore T may be similarly expressed. 

Also, if U be the force function, and E the total energy, we 
know that T^U = E. 

By means of this equation and those last referred to we 
can eliminate t and express the initial momenta in terms of the 
Jq's, the q% and E f. 

* That IB, a system in which the forces possess a force function. 

t It is important to observe that the process in the text wiU give generally 

more than one set of initial momenta with which the system can pass from the 

given initial to the given final configuration. To each set corresponds a distinct 

dA 
type or value of A, and a distinct set of final momenta. The equations — = p, &o« 

hold for each type or value of A in relation to the corresponding momenta. 
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Hence T, and therefore A, may be similarly expressed in 
terms of the qQBy the q% and £, and therefore the first part 
of the proposition is proved. 

Affain, since n 

,\ A =S I mt^dt = iS / mvds = 2/ pdq by definition, 
Jto Jto Jgo 

where 8 denotes summation for all the elements of mass. 
Let anj possible variations be given to all the variables, then 

bA = ^Ipdbq + l.jlpdq. 
Jqo Jqo 

Integrate the first term by parts and we get 



where 



I m 
pbq 



2 l^bpdq — dpbq) 



^piq-Po^qol 



90 



bA = 2 



piq 



%2j\qbp^^^bq)^^ 



Bat 



. dTp . dp „ dTj,^ 



. • 



q 

) 

90 



dt 

,dT, 
% dp 



hA = 2lpbq) + 2/ (^hp + "^bq - FM)dt. 

Ju '^ 



dT, 
dq 



= 2(2)8^)* + I bTdt-^ I F^bqdt. 

Qo •^h ^^a 

iJTT 
But in this case Z^ = j- , the system being conservative ; 



.-. ^1 Fgbqdt= I bUdt; 
Jto Jto 



.-. bA^2,\pbq\ + 

ko ^Ui 



f\bT-bU) 

Jtii 



dt 



= 2 



f' 

If.. 



• . 



dq 



= !>> 



pbq\ + / dE 

\qo 'to 

= 2 pb(A +(«-/o)^E^ 

dA dA ^ ^ 
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vifvrtiMt.off' ;- 7- ^'- -or 3.. j-i- 
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wKArt ^ > , *^/J. I'ii^^'^ '-*^°" wrirten lor /j^, /i^, ic. in T,. 
l^if, Ky yfff\/M\^M>Ti fill; 
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dT. 



-' + -!# = /•,; 



dq^f dt dq^ 
• • dqr'*' dt~ " 

if JO, be taken = -^ ; that is, the motion determined by making 

J) =^ satisfies Lagrange's equations, and is therefore a natural 

motion of the system. 

38.] I/^ a complete primitive of the partial differential equation 
referred to in the last article be found in thefonn 

/(g-....y,a,...a,_,) + a„, 
where a^, a^'^'O.^ o.re any arbitrary constants, then the integrals 
of the dynamical equations mil be 

where ^ ...)3,_i E are n additional arbitrary constants. 
For since y satisfies the partial diiFerential equation 

T,= U+E (1) 

when Ply jt?2, &c. have been replaced by j-j -^> &e., it follows 

aqi aq2 

that f must satisfy the w — 1 equations of the type 

dT^dp, ^ dT^dp,,^^ 

dpi da^" dpn da^ ' 
with the additional equation 

dp.'dE ■*■ ••• ■*■ dp„ dE "■ ' 

found by diflferentiating (1) with regard to ai, ..,a^_i and E 

successively. 

dT 
Now, with the substitutions referred to, -=-^ = g^ , &c., these 

api ^^ 

equations become 

• ^y & • _^_ - 

dq^da^ ' dq^da^ 

&c. 

^^d^,dE-^''''-^^;d^:dE = ' 

from which j^, q^, ... ^„ can be determined. 



(2) 
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But if we differentiate with regard to t the n equations 

da, - ^^ - da,_, - ^"-^' ^ - ^ "^ *"' 
we obtain precisely these last equations (2) to determine the 
magnitudes ^1 , ^2 • • • in' 

For instance, differentiating ^ = /3, with regard to t we 
obtain 

Whence the proposition is established. 

89.] Befinitmi. If A represent the Action in any conservative 
system where the time does not enter explicitly into the con- 
necting equations, and if S be determined as a function of the 
initial and final coordinates and the time, by means of the 
equation 

the function thus found is called the Princijpal Function*, 

If 8 be the princijpal function in any conservative system where 
the tifne t does not enter explicitly into the connecting eqtiatiofis, then 

dS dS dS 

where q^ represents any one of the initial, and q any one of the 
final coordinates. 

For since aS' = il — E «, 

and therefore if the final coordinates alone vary, 
But - = p and ^ = «, 

dS dS 

•■• -d^=P' -dT = -^' 

* The time is so very generally reckoned from the beginning of the motion that 
unless the contrary be expressly mentioned it will be assumed that i^ = 0« 
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and bj varying the initial coordinates we obtain similarly, 

dS 

40.] Since A is a function of the initial and final coordinates, 

represented typically by ^q and q, and of E, the increase of A 

per unit of time as the system passes through the configuration 

q is clearly 

dA_^,dA 

dt "^ ^ dq' 

We may conceive the system passing through the same con- 
figuration q with any other velocities q and the same value of E. 
The increase of A, considered as a function of q^^ and q, per unit 
of time in this latter motion is 

Now, since the kinetic energy in the configuration q is the 

same for both motions and 

dA 

^=d;i' 

it follows from Art. 10 that the increase of A per unit of time 
is greater in the actual motion than in the q^ motion, and, 
given E, is a maximum in the actual motion. This is true for 
every material system. In the case of a free particle of mass ?n> 
we have p = mq, 

?i> ?2> ?3 ^^^S ^^^ rectangular Coordinates of the particle, and 

the equation p =z — 

in this case expresses the fact that the path of the particle is 
normal to the surfaces of equal action. By extending the mean- 
ing of the terms * normal ' and ^ surface,' we might say generally 

that a motion in which p is proportional to jj- is normal to the 

surfacey= constant. 

If t instead of E be invariable, similar statements apply to 
the principal function S. 

41.] As an illustration of the formation of the principal and 

F 2 
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characteristic functions, let us consider the case of a projectile 
of mass unity. Let the point of projection be the origin of co- 
ordinates, X and y the horizontal and vertical coordinates of the 
projectile. Let the initial and terminal horizontal and vertical 
velocities be Uq^Vq, u, v. Let the time t be measured from the 
instant of projection. Let the potential at the point of pro- 
jection be zero. Here we have 

t*« + t;» + 2^2/ = < + V = 2E; 
X = u^t, y = Vo< - ^ = t;< -f- ^; 

^Hy + y)' = «+ V)^ = 2Ee^ 

^ =fy + '^) ^* = <' - J-g {K-i7')'-<} 

The expression for 8 on the right-hand side of b is the Prin- 
cipal Function, and on being differentiated with regard to a?, y, 
and t respectively, attention being paid to (a) we shall obtain 
the quantities u^ v, and — E. 

The expression for A on the right-hand side of (y) is not in its 
present form the Characteristic Function, but we may obtain 
that function by substituting in (y) the value of ^ obtained 
from (/3). 

Thus let A in (y) be differentiated with regard to y, x and E 
being constant, and we get 
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dy t ^dyl 4: «» ) 

Also from (/3) 

^jg^^^l 1 2E 

^y " 9 9 V4E«- 4E(7y-i7^a;« ' 
the + sign being used if the — sign be used in the expression 
for t^, and vice versa. Also from {$), 



• 2^2 



± y4E«-4E(7y-(7«a;« = ^-^ +r7y-2 E, 

= v^fjt^2E. 
Hence we obtain 

dy^'^ ^ gt gt 

dA 2?/ 
and -r- = - ' — ?' = V, 

dy t ' 

By the same process we may obtain 

dA_ 

dx 

TS in the above formulae we were to write iP— a?Q, y—y^ for 
X andy, taking x^^y^ for the initial coordinates, we might obtain 
by the same method 

dA _ dA _ 

42.] As another example of the formation and properties of the 
Characteristic and Principal Functions we may take the case of 
the elliptic orbit under a central force fxr. 

The equations of motion are in this case 

^^ + '^^ = 05 (1) 

f| + f^y = o (2) 
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The integrals are 

X = a cos \//ut< + 68in V^ft^, y = a' cos -vZ/ut < + 6' sin ^/Jit; 

"17 = ^ fJL {b COB V^xt^a Bin vjit}, 

^V — /— /- . /- 

"^ — vfi{6'cos V fx^-— a'sin v/ut<}. 

Whence we easily get (remembering that the force function JJ is 



j1 or 



i'(t)'* ^X(> 



= /ui[ — - — 1-\ — { — - — sin2 Vjuti— aft(l— cos2 \/fi<)}] 

^ 2 v/ut 2 

+ fx[ — - — t + — - { — - — sm2 V>«-a'6'(l-cos2 V><)}]; 
^ 2 V f* '^ 

and 

=^ | &' + ^"-a'-« ' gip 2 y;i<-(aft + a^60(^ -cos 2 V^<)} • 

But if Xq, t/q be the initial coordinates, we have 

^0 = «» 2/0 = a' ; 

Sff — SffQCOB^jLt , y — VQCOB A/]JLt 

6 = ; — > 6 = ; -= ; 

sin v/ut t sin v fx < 

whence by substitution S is easily reduced to 

^ {(^ + yH«?o' + 2^o*) cot ViJLt—2{xx^ + yy^) coBec V^^}- 

And thus the principal function is found. It will be seen also 
that S satisfies the two diflFerential equations 



dS . 1 
dt 



+i!*S'"^<S'1=-i<''^^'">- 
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To find A we must first of all determine ^ as a function of ^o> ^o* 
X, jf, and E, and then eliminate t from the expression for S. 
Now 

— = a« + tf'« + 6' + //" 

_ ^ s J. ., 2 J. ^^"^0 ^^^ ^^ ^y + iy-yp cos -/m ' 
— »o + 2/o + ^~r~/~. ' 

sm* V fx t 

_ a^ + t/^ + a?o' + yo'— 2(aryo + y 2/0) ^^_^^ . 

sin* -s/jut i 

.-. cos*v^e--g-(a;ao + yyo)co8 ^^1^^=1-2'^ (a:' + 2/* + V + yo'); 
.-. coBv^jui«=^(a?a7o + y2/o) 



If the value of t thus found be substituted in S and E^ be 
added, we obtain the characteristic function A, and it will be 
found that A satisfies the equations 

dA dx dA dx dA ^ dy dA __ dy 

dx ~ dt dx^ "" dt^ dy "" dt dy^ "" dt^ ' 

and the partial differential equations 



CHAPTER IV. 



STATIONARY AND LEAST ACTION. 



Article 43.] Let a material system be in motion under the 
action of any conservative forces, and in the interval between 
the times t^ and I let it pass from any given configuration to any 
other. 

Let A be the action between these two configurations so that 

A = ^1 mv^dt, 

and let T be the kinetic energy, U the force function, and E the 
total energy at any instant during the motion. 

Let the motion of the system be ideally varied, so that while 
the initial and final configurations remain the same as before 
the system shall pass from one to the other through a series of 
configurations always indefinitely near to some configuration in 
the actual motion, and also so that the equation 

T-U = E 
remains true for the same value of E throughout the varied 
motion. Such a varied motion is ideally possible, but can in 
general only be efiected actually by the introduction of ad- 
ditional constraints from without. Then, in such a case, the 
small variation 8-4 in the value of the action in passing from the 
original unconstrained to the varied constrained motion is al- 
ways zero. This is the principle of Stationary Action. 

For A = I>fmv^dt= ^ Ipbq; 

therefore, as in Art. 36, 

bA^'Eipbq) •{•I.f\qbp^^bq)dt 
for any small variations whatever bp and bq. 
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And this equation reduces, as in the artido mentionrd, to 

But the initial and final coordinates r/^^ and r/ remain un- 
altered, as also does T— U by our h}T)othesis, 

.-. {^pbq}' =0 and bT^hU = 0; 

.-. bA = 0. 
44.] Exactly in the same way it may be shown tliat if the 
time be the same in the two courses, but E vary, then when 
the initial and final coordinates remain unaltered^ bS = (K 

For bSz=bA-{t-'QbE = bA-{t-Q IbT-hf'}, 

= ^{pbq) + f\bT--br)dt-(f-0(r»T^iri 

= 0. 

45.] In the above expressions bA and bS respectively iiiehuh^ 
the first powers only of small variations accord in<^ to tlie ordinary 
notation of the Differential Calculus and the Calculus of \'aria- 
tions ; and the Principle of Stationary Action just proved shews 
that the diflference between the actions in the ori<^inal and 
varied motion is to the first approximation zero; A therefore 
satisfies the first condition of being a minimum. 

We proceed now to investigate the sign of this difrercnce 
when higher orders of the variations are considered, and the 
final result will be to shew that when certain conditions arc 
fulfilled the Action will be a true minimum, and that when 
these conditions are not fulfilled, no general rule can be asserted 
concerning it. 

Before treating the general question we will consider the 
simple case of the projectile. 

For the sake of brevity we will again suppose the origin to 
be the point of projection ; then as before 

u^^ + V or F^ = 2 E, 
where V is the velocity of projection. Let also a be the angle 
of projection so that 

Kq = V cos a, Vq = Fsin a. 
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Then, if ^ be the time in passing to the point a?, y, 

^ = l-Cr^-j/y) ± ^JV^-iV^gy-f!^', ...... (I) 

and if a be the angle of projection, in order that the projectile 
may pass through a?, y, 

tana= =^= ^^ — ^^ — . (11) 

gx ^ ' 

From (II) we obtain 

F sin a and F cos a, 

or the initial values of the momenta in terms of F, a?, y. 
Again, as we found above, 

^ = ^ + ^'-. (m) 

and if we substitute for t in this expression the value obtained 
in (I) we obtain the characteristic function f^ or the expression 
for A in terms of a?, y^ and V^ (i. e. 2E). 
From (I) we see that 

And as a negative value of t has no meaning bearing upon our 
question, we shall reject it and take 



~ if 

Similarly, in determining Fsina and Fcosa, we shall take 
for sin a and cos a, in terms of tan a, the values 

and H — — respectively. 



Vl+ t&n^ a >v/l + tan'* a 

Whence it appears that when the time and the two initial 
momenta are determined in terms of a?, y, and F^, each of these 
quantities will be expressed by two distinct functions of a?, y, 
and F^, owing to the double sign of the radical 

>/F*-2FV2/-5F'aj»; 

and the same may be said of A^ since by (III) there corresponds 
a value of A to each value of t. 



45.] 



EXAMPLE OF LEAST ACTION. 



75 




Fig. 2. 



Hence we learn that if a particle be projected from with a 
given velocity, and be required to pass through the point P 
whose coordinates referred to are x and ^, the necessary 
horizontal and vertical momenta at 
and the action from to P will 
be given in each case by either of 
two distinct functions of x^ y, and 
VJf so that in general there are two 
distinct courses from to P, viz. 
OG^P and OC^P, having diflTerent 
times of passage, different initial mo- 
menta, and different values of the 
Action. 
If however the point P be so situated that 

then the radical vanishes, the two functions mentioned above 
coincide in value in the expressions for momenta, time, and 
Action, and the two courses from to P become coincident in 
all respects. 

The locus of P thus determined is clearly the parabola ACC\ 
touching the common direc- 
trix of all the parabolas at the 
point A, vertically above the 
point of projection 0, and 
having its focus at 0. 

If we find the envelope of 
the curves 

^ 2F^cos2a 

for the variable parameter a, 
we obtain the locus ACC% 

whence it appears that the path described by each one of the 
bodies projected from with the velocity F touches the para- 
bola ACC\ 

If in the equation Y^-^^Y^gy—g^x^ = we substitute for x 

and y their values u^t and t?^^— =i— respectively, we obtain 
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r^ . . . 

V^^gv^t = 0, or ^ = — , giving the time from to the point 

of contact with the envelope, which is then positive if Vq be 
positive. 

The following conclusions may now be drawn : 

(i) If a point be taken outside the parabola ACC it cannot 
be reached by a body projected from with the given velocity 
F", because for such points 

being negative, the formulae above obtained give imaginary 
values for t, a, and A, 

(a) If a point be taken within the parabola ACC\ it can be 
reached by a body projected from with the given velocity V 

in two different directions, 
giving rise to two distinct 
courses in which the initial 
momenta, the times of 
flight, and the Action have 
different values, one of 
these courses (OOP) reach- 
ing P after touching the 
envelope, and the other 
(OPQ) either touching 
the envelope after passing 
Fig. 4. " through P, or not at all, 

according as the direction 
of projection in it is above or below the horizontal. If the 
direction of projection from be below the horizontal, the 
course touches the envelope at a point to the left of 0, that 
is at a point for which t is negative. 

(3) If P and Q (Fig. 4) be two points taken on one of the 
projectile paths, P before and Q beyond the point of contact 
(C) of that path with the envelope, then the initial momenta!^ 
time, and Action expressed in terms of the coordinates of P and Q 
respectively, will be each of them given by taking in the one 
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case the negative and in the other the positive value of the 
radical. This is made clear from the expression in (II) 



tana = — + ^ — '^ — . 

gx - gx 

Whence it follows that 

tan a = — > 

where x^ is the abscissa of C\ 

But the abscissa at P is less than x-^y and that at Q is 
greater than x^y and V is constant. 

It follows therefore that in the expression for tan a in terms 
of the coordinates of P or of Q, when the coordinates of P 
are substituted the numerator must be less than F^, and when 
the coordinates of Q are substituted the numerator must be 
greater than V^y i.e. the negative sign of the radical must be 
taken between and C\ and the positive sign must be taken 
beyond C. 

It thus appears that neither the time, the itiitial momenta, tior 
the Action is expressed hy one and the same function of the co- 
ordinates throughout the whole course. The function in each case 
expressing these quantities changes its form or type at the point 
of contact with the envelope, 

(4) Of the two courses from to P, that one which reaches 
P afber touching the envelope has the greater Action. For, 
let t^y ^2 ^® ^^® times, A-^ , A.^ the Actions, in the two courses ; 
then from (III) 

Also from (j8), Art. 41, above 



= — VaP + y^. 
9 
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Therefore 

but since 

V* — 2V^gy'-g^a^ is positive, 

Therefore -^j— -^g has the same sign as ^1 — ^2* ^^^ since the 
course which reaches P after touching the envelope has the 
greater time, it has the greater Action. It follows that i£ Ai,A2 
be the two functions expressing the Action from to P, A^—A^ 
is for real values of A^ and A^ essentially negative if the course 
having Action A2 reach P after touching the envelope. 

(5) The curves of equal Action are as above proved normal 
to the courses, and therefore when they meet the enveloping 
parabola must be at right angles to it. It follows that the 
curve d = constant has two branches, forming a cusp when it 
meets the envelope, and one branch, the upper, intersects the 
courses orthogonally after they touch the envelope. 

46.] Definition, — The point C to which the two courses from 
coincide is called a kinetic fd(yii8 conjugate to 0. Evidently 
it is the point in which the courses touch the envelope. 

We may now shew that in the case of the projectile the Action 
from to P in the natural course is less than it would be in 
any infinitely near constrained course provided P lie between 

and (7, the kinetic focus 
conjugate to in the na- 
tural course OPC^ where 
the Action changes type. 

Let P lie between and 
(7, and let OM be a natural 
course, very near to OP^ 
such that M may be reach- 
ed by a projectile starting 
from with the same energy as that in OP^ and with in- 
itial momenta the same functions of the coordinates of Jf, as 
those in OP are of the coordinates of P, i. e. with the use in 
each case of the negative value of the radical spoken of in the 




Fig. 5. 
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discussion of the last article. At M suppose a fresh infinitely 
small impulse applied to the particle so as not to change its 
total energy and therefore not to change its velocity at that 
point but to cause it to reach P by another projectile trajectory 
JfP, infinitely near OP. 

It is clear that any point M^ infinitely near M in the course 
MP may be reached by a trajectory OM' starting with the same 
total energy, therefore with the same velocity, as in OP and 
with the same type or sign of the radical. 

Let p and q be either generalised momentum and correspond- 
ing velocity at M in OM^ and let //, ^ be corresponding quanti- 
ties at M in the course MM\ Let A be the Action in the course 
CM from to M, and A-\-hA the Action in the course OM^ 
from to JT. 

Then, from the general proposition 

dA 

we have hA = ^jphq. 

Also hq^^ht if ht be the time from M to M' in the 

course MM\ 

Similarly b'A, the Action from if to i/', = 2p'q'bt. 

Therefore 

Action 0M'< > Action (5J/+ Action MM' 

as 2i>(?'<>2/</. 

But since E and U are respectively the same at M in the courses 
CM and MM\ it follows that T must be the same in both 
courses, i.e. 2pq = '^p' c[. 
Therefore, by Proposition IX, 

Therefore 

Action OM' < Action OM + Action MM\ 

Similarly, if Jf " be a point in M'P very near M\ 

Action 0M"< Action 01/' + Action M'M'\ 
And so on. 

Action OP < Action OM + Action MP, 
It is clear that every constrained course from to P may be 
broken up into a number of natural courses, and that by the 
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continued application of this proposition we shall always have — 

Action OP less than sum of the Actions in the broken course, 
or Action OP less than the Action in the constrained course. 

If now the point were taken on the course OPC^ beyond C, 

as at Q (Fig. 6), we cannot make use of the previous reasoning, 

dA 
because the use of the equation -j— = p implies that the same 

sign of the radical is taken 
throughout in the. expression 
for A, K then the Action in 
OM have the negative sign of 
the radical, M lying very near 
some point in the course be- 
tween and (7, and if, as 
before, we draw a series of 
natural courses from to 
points in MQ, the Action in all such courses must, in order 
that the proposition may be applied, have the same sign of the 
radical, that is the negative sign. But the Action from to Q 
in OCQ has, as we have seen, the positive sign. If then the 
constrained course MQ be so drawn as not to meet the envelope, 
the continued application of the proposition would result in 
proving that Action (OM+MQ) is greater, not than Action 
OCQ^ but than Action OC'Qy the Action in the other, and as we 
have proved the shorter, course from to Q. 

But if the point M in Fig. 6 were so taken as that the Action 
in OM in a course infinitely near to OCQ should have the positive 
sign of the radical, that is if M were taken beyond the kinetic 
focus Cy the proposition might be applied to shew that Action 
[OM+MQ) is greater than Action OCQ. 

As we have already shewn that a natural course exists from 
to Q having less Action than OCQ, it is easily seen that some 
constrained course exists having less Action. For instance, let 
Q' be very near C and beyond it (Fig. 7), OC'Q,' the course of 
less Action from to Q', Jtf a point in OC'Q^' very near Q'. Let 
the system receive at M any small impulse not altering its 
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kinetic energy, so as to cause it to describe a new trajectory in- 
finitely near OCQfQ and intersecting OCQ'Q in Q. 
Then by the above method it may be shewn that 

Action {Mq''\- Q'Q) > Action MQ, 
.'. Action {Oq' + Q"Q) > Action {0M+ MQ), 
.'. a fortiori Action OCQ > Action {OM+MQ); 

and 0M+ MQ is a constrained course infinitely near OCQ. 

It appears therefore that in 
the case of the projectile the 
Action from to any point in 
the course is a true minimum, 
so long as it is represented by 
tie same fu7iction of the initial 
and final coordinates, and ceases 
to be a minimum when the 
function changes. 

47.] An additional illustration of this subject may be derived 
from the second of the two examples investigated above, namely, 
that of the ellipse imder the action of a force varying as the 
distance. 

In that case we have seen that 

5= ^{{x'-\'y'+x^^ + y,^)QoiV'ilt--2{xx^^-yy,)Go^eQVlit}, (I) 

and that 

^ _^ I M a;' + y'+a?o' + yo'-2(^a?, + yy..)cosy/x< ^^ ^^ 

2 sin^ Vii-t 

where in (II) we must substitute for t the value given by the 
equation 

cos ^/ifi« = ^ {pcx^ + y 2/o) 




± /\/i-^(^+y^+«^o'+yo^)+ j^(^^o+yyon .. (HI) 

E being the total energy. 
The value of A thus obtained will be the total Action from 
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any given initial to any final configuration in terms of the 
coordinates of the two configurations. The difierential co- 
efficients of A with regard to x^ and y^ respectively, after the 
required substitution for ty give us the requisite initial momenta 
to enable the particle to pass from the initial to the final con- 
figurations in terms of the coordinates of those configurations. 

It appears from (III) that there are two distinct values of 
cosy/fx^ in terms of the coordinates of the two configurations, 
and therefore two distinct elliptic orbits, by either of which 
the particle may move from 0, the point of projection, to P 
with given initial kinetic energy. Again, in either orbit the 
motion may be either direct or retrograde. In each ellipse 
the value of cos J^t is the same for the direct as for the 
retrograde motion, but \//x^ is represented in the one case 
(which we may call the direct motion) by ^, and in the other 
by 27r— ^, Q being a positive angle less than tt, and having a 
single value for every point in the orbit. Regarding only the 
two direct motions from to P, we shall obtain two distinct 
values of each initial momentum, and of the Action, i,e, two 
courses expressible by two distinct functions ^ and f^ of the 
initial and final coordinates *, Similarly, if we regard the two 
retrograde motions, we shall obtain two other distinct courses 
from to P, expressible by the functions j^ and^ of the initial 
and final coordinates. 

The two ellipses will coincide when the values of x^ y cause 
the radical in (III) to vanish, and in that case the two direct 
courses coincide, and likewise the two retrograde courses. 

This locus oi x^y is clearly an ellipse, and if the starting-point 
be taken at a distance (?, from the origin on the axis of ^r so 
that fl = (?, a' = 0, and if the initial velocity be V so that 

2E= V^-¥ixc\ 
the locus easily reduces to 



* We here neglect all the other values arising from the expression < = cob"i'«i 
when m is known, because these only correspond to the return of the particle to 
the point + a;, + y after successive revolutions. 
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If we express the integrals of our equations of motion in the 
form 

07 = a cos ( \/jx t + a), 

y = //sin('/ft<), 

we find that the particle describes an elh'pse whose equation is 

x* 2 8inaa:y y^ __ 

a* CDs'* a V a cos* a 6'* cos* a "" ' 

where F* = /x (a* sin* a + fe'^) ; 

and the coordinates arp, ^q of the point of projection are a cos a 
and ; putting c for x^ the equations become 

a?* 2tanaary 2/^ i /a\ 

c* 6 c 6^ cos* a 

r = /x(cHan«a + 6'2) (B) 

If we investigate the envelope of (A), with V and a variable 
parameters subject to the condition (B), we ol)tain, as we should 
expect to do, the aforesaid equation 



If 0?, y be the point of contact of (A) with this envelope, i. e. 
the kinetic focus conjugate to the point of projection <?, in (A), 
we get 

V ft' . y 

- = C0taT=2-; 2- 

If a be or 90°, i.e, if the point of projection be at the ex- 
tremity of one of the principal diameters of the ellipse described, 
we get either a; = or y = at the kinetic focus, shewing that 
this focus is situated at the extremity of the other principal 
diameter^ which therefore^ as will be shewn later, is the last 
point to which the Action is a minimum. 

It is worth remarking that both in this problem and that 
of the projectile, the direction of motion at the point of contact 
with the envelope is at right angles to the direction of motion 
at the point of projection. 

We may now draw a veiy similar series of inferences with 
reference to this problem to those drawn in the case of the 
projectile, namely : 

O 2 
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If a particle be projected from the given position c, with 
given velocity F, and it be required to pass through another 
assigned position, then if this assigned position lie within the 
ellipse 

^ . J^ _ 1 /px 

V^-^lxc' "^ F^-fx' 

there are four distinct directions in which the particle may be 
projected so as to pass through the second position, that is to 
say, two for direct and two for retrograde motion. 

If the second position lie without the ellipse (C) it will be 
impossible to project the particle so as to pass through this 
second position. 

If the second position be upon the ellipse (C), there are for 
the direct motion two coincident directions of projection, and 
similarly two for the retrograde motion, and the ellipse described 
by the particle touches (C) at the second position. The ellipse 
described by the particle always touches (C) either before or 
after passing through the second position, and the type of the 
motion, that is to say, the functions of the initial and final 
coordinates giving the requisite initial and final momenta, and 
the Action, changes at the point of contact of each trajectory 
with the envelope (C). 

It may be proved, as in case of the projectile, that of two 
courses to any point P that one which reaches P before 
touching the envelope has the less Action. But as this is proved 
subsequently by a general method applicable to all cases, it is 
unnecessary to verify it in the special case of the ellipse. 

There will be another point of contact with the ellipse C, 
and therefore another kinetic focus and change of type in the 
second half of the orbit. 

Again, when the particle arrives at the extremity of the 
diameter through the point of projection, V^^ = tt ; that is, 
6= 2 71— 6 = it; and the Action there, as is easily seen and 
will be proved in the sequel, changes type by the adoption of 

2 IT— 6 instead of 6 as the value of Vixt in its expression. And 
on again passing through it changes type by the adoption 
of 27r-f for 2tt — 0, so that there are in fact four changes of 
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type in each complete revolution, namely, two at the points 
of contact with the enveloping ellipse, and two at the ex- 
tremities of the diameter through 0. 

48.] Analogous propositions to those which we have thus 
established for special cases can be proved for the general case 
of any conservative system, having any number of degrees of 
freedom, acted on by forces continuous functions of the co- 
ordinates, and moving from a given initial configuration with 
the sum of its potential and kinetic energies equal to E. 

For let us consider any conservative system with any number, 
«, of generalised coordinates ^i, {'2, •••?nj indicated generally by 
q, and let this system be acted on by any given forces. 

Suppose the system to be initially in any given configuration 
in which the coordinates are indicated generally by j'q, and to 
be started from that configuration with total energy E. 

Let the initial configuration q^^ be represented by the point 0, 
and the final configuration q by the point P, and let the series 
of intermediate configurations through which the system passes 
be represented by the points in the curve OCP; then OCP 
represents a course or motion of the system from qQ to q*. 

If we attempt, as in the case of the single particle hitherto 
treated, to express each initial momentum at in terms of the 
initial and final coordinates and energy, qQ, q and E, we shall 
generally find, as we found in case of the particle, that each 
of these initial momenta will be expressed by a function of the 
above-mentioned variables having a plurality of forms or values, 

such as yf,^ (^^, ^, E), ylr, {q,, q, E) &c., 

corresponding generally to as many distinct courses or routes 
by which the system can move from to P. The time from 
to P, as also the Action, will be expressed by functions having 
a similar plurality of form. 

* It will be understood of course that the curve OCP does not represent the 
motion of the system from the initial to the final configuration in the same way as 
in the case of the single particle, because each configuration involves many 
ooordinates which cannot be thus graphically denoted. The length of the course 
must be measured by the time from one configuration to another, as before 
explamed, and is only inadequately represented by the curve joining the points 
inmcating such configurations. 
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It may be, as in the case of the ellipse before treated, that 
these functions, or a class of them, although comprehended 
under one general form, yet contain in their expression a func- 
tion having many values, as for instance cos'^m, where m is 
a single- valued function of the coordinates, and differ from each 
other only by attributing different numerical values to that 
function. We treat these functions as having different types 
according to the different values g^ven to the function in 
question. See Art. 56, post. 

In the case of the Action, with which we are now chiefly 
concerned, these forms will be henceforth denoted by 

or shortly ^,^2 &c.; and as the initial coordinates qQ, and also E, 
are supposed invariable, these symbols may be regarded for our 
present purpose as functions of the final coordinates q only. 

49.] It may be that for certain values of the final coordinates, 
that is for a certain final configuration 5, two functions ex- 
pressing the initial momenta, such asx/r^, \/^2j hecome equal in 
value for each one of the momenta. In that case two courses 
from to 5 become coincident. The configuration S is then 
defined to be a kinetic focus conjtigate to the configuration 0. 

Inasmuch as there are n initial momenta, this equality g^ves 
at first sight n equations for determining the n coordinates of 
S in order to satisfy the condition. But it must be remembered 
that, E being given, any one of the initial momenta may be 
determined as a function of the remaining w— 1 and E, so 
that in fact, of the n equations expressing the equality of the 
initial momenta of the given types x/r^ and x/rg, only n — 1 are 
independent. They are not then generally suflScient to deter- 
mine a single position of 5, but determine a series of such 
positions constituting a quasi locus or envelope in many respects 
analogous to the envelope in the cases of the projectile and 
ellipse. And among other things, this quasi locus or envelope 
has the property that configurations properly situated with 
regard to it cannot be reached by the system starting from 
with momenta of the -^^ or x/rg type. 

Whenever two types, as ^^ and \/^2> become equal in value for 
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every one of the initial momenta, the corresponding courses 
from to 8 become, as above mentioned, coincident, and there- 
fore of course the two corresponding functions expressing the 
Action become equal in value. But the converse is not true ; 
for two types of the Action, as/i and j^, may for certain final 
coordinates^ be equal in value, while the corresponding functions 
expressing the momenta remain unequal. In that case two 
non-coincident courses have equal Action from to the final 
configuration P. 

50.] It appears then that the most general case presents the 
following analogies with the case of a single particle, viz. 

(i) If the final configuration P be arbitrarily chosen, there 
are generally a certain number (say r) of courses by which the 
system may move from to P, these courses being determined 
by the types of the functions of the coordinates of P selected for 
expressing the momenta at 0, 

(2) For certain final configurations any two of these courses 
may become coincident ; for others they may become impossible. 

(3) It was proved in the case of the projectile that the 
function of the final coordinates expressing the Action from the 
point of projection changes type at the kinetic focus, or point of 
contact with the envelope. And in like manner, as we proceed 
to shew, the function expressing the Action from the initial con- 
figuration in any conservative system changes type as the system 
passes through a kinetic focus conjugate to the initial con- 
figuration. 

(4) It appeared in the case of the ellipse that the Action 
change type at the completion of the half period. In like 
manner we shall shew that if any conservative system, being 
set in motion, returns by a natural course to the configuration 
whence it started, making a complete circuit, the Action changes 
type at the completion of the half circuit. 

(5) It was further proved in the case of the projectile that 
the Action in the natural course from the point of projection to 
any point P reached before the change of tjpe is necessarily less 
than the Action in any infinitely near constrained course from 
to P, and is therefore a true minimum, but if P be a point in 
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the course reached after the change of type, then the Action is not 
necessarily less in the natural than in the constrained course. 
Analogous propositions will he proved true for any conservative 
system. 

61.] Let the system move from in a course OCiS.,. (Fig. 8). 

Let P be any configuration through which the system passes 
at the time t. Let the Action in that course from to P be 
represented by the function, j^, of the coordinates of P, so long 
as P lies between and a certain configuration 8 in that course : 
and at 8 let J[ =/2^> ^2 teing another of the ftinctions ex- 
pressing the Action from 0. Then if there exist real courses 
from to P having Action of the type j^g for all positions of P 
between and /S, or C^ and 8, it can be shewn that f^> f\ for 
all such positions of P. 

For let OC^ denote a distinct course from to P in which 
the Action has the type^. 




Fig. 8. 

Thenj^i and^ are both functions of the coordinates of the final 
configuration P, and as such change with the time t as the 
system moves on in its course OC^P. . . . Therefore if q, p denote 
the velocities and momenta at P in the course OCiP,,,, and /, jo' 
those in the course OC^P^ we have 

* Wo use the expression /i at S as an abbreviation for /, when the final 
coordinates are those of *9. 



53-] LEAST ACTION. 89 

Now since -E", the total energy, is the same for the two 
courses OC^P and OC^y the kinetic energy at P is the same in 
both courses ; that is, 2 jjo = 2 j'y, and therefore 2qp—2qp\ or 

-Tji/i—f^i is necessarily positive (Art. 9, Prop. VIII). There- 
fore since ^ =fi at S, /^ >J\ if P be reached before 8. It 
thus appears that^, the Action in the course, always increases 
faster than /g* ^ ^^® system moves on in the course OC^,,,, 
This is a particular case of the theorem of Art. 10. 

62.] Next, let P' (Fig. 8) be a configuration in the course 
OC^S,.. beyond S. In that case, remembering the result ob- 
tained for the projectile, we do not know whether the Action 
in OC^SP^ has the typeyi or^, inasmuch as it may change 
type at S. But whichever type it has, let OC^P' denote a 
course from to P' in which the Action has the other of the 
two types in question. Then the process of the last Article 
shews that Action OC^SP" > Action OC^P', so that Action OC^SP" 
has the type j^ or j^g, whichever is the greater. 

We see then that when the system moving in its course 
OC^,,, passes through 5, where y*i =^* one of two things must 
happen, viz. either (i) f^—f^ changes sign, or (a) the Action 
in the course changes type. 

53.] Three distinct cases have now to be examined. 

Firstly, S may be the first kinetic focus conjugate to in the 
course OC^ ..., and therefore such a configuration that not only 
two types of Action, /^ and^, become equal, but also that two 
types of functions expressing the initial momenta become equal 
when the final coordinates are those of 8, In this case there 
are two coincident courses from to S. 

Or secondly, S may be a configuration at which only two types 
of the Action become equal, and therefore may be represented by 
the point of intersection of two non-coincident courses having 
equal Action (Fig. 9). 

Or thirdly, the momenta at 8 in OC^S may be respectively 
equal and opposite to those in OG^ 8. In that case the system, 
in whichever of the two courses it be started from 0, returns 
again to 0, so that the two courses are coincident but are 
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described in opposite directions. This case evidently includes 
all periodic motions. 




Fig. 9 

54.] Tq prove that if S he a kinetic focus^ the Action must 
change type at S. 

Let S' be a kinetic focus, Q any configuration in OC^S infinitely 
near S and beyond it. Then the Action in OC^SQ has one of 
the two types /i,^, which become equal at S. Let OC^QS' be a 
course in which the Action has the other of those two types. 




Fig. 10.* 



Then since OC^ QS' denotes a motion infinitely little varied from 
OC^S^ there must by the continuity of the motion generally be a 

* The dotted line OS in the figure indicates the second course from to 8, 
It would in fact completely coincide with OCiQ^S, 
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kinetic focus corresponding to 8 somewhere in OCgQ-S". But 
there can be no such between and Q : for if there were we 
could prove by the proposition of Art. 52 that Action OC2Q is 
greater than Action OCjSQ, whereas we have above proved it 
to be less. The kinetic focus in OC^QS^ must lie at S^ beyond Q. 

Let Q' be a configuration in OCiiS very near S and between 
and S. Then the Action from to Q in OC2 Q must by the 
continuity of the motion have the same type as the Action 
from to Q' in OQ Q'. But Action Oa^Q has different 
type from OC^Q, for if it had the same the two courses 
would coincide, which is not the case. Therefore Action 
OG^Q^ has different type from OC^Q. And as this is true 
however near Q and Q' may be to 8^ provided they do not 
absolutely coincide with it, and are on opposite sides of it, it 
follows that the Action in OC^ 8 must change type at 8. 

55.] If, on the other hand, 8 be not a kinetic focus, the 
two courses OCj/tSand 00^8 {Fig. 9) are not coincident, and the 
momenta at 8 in OC-^8 are not all equal to those in 00^8, 
Therefore by Art. 9, Proposition VIII, not only is 2^jo — 2^y 

positive, but also it is not zero. That is, -j- {fi^—f^^ is not zero, 

and therefore j^—^ generally changes sign at 5, and the Action 
does not change type. 

An important exception occurs in the third case above re- 
ferred to, when the momenta at 8 in 00^8 are equal and 
opposite to those in 00-^8^ and consequently the system, by 
whichever of the two courses it be started, returns to com- 
pleting the circuit. This case includes all periodic motions. 
It may be considered as a case of two coincident courses 
described in opposite directions. We shall find that the Action 
in such cases changes type at 8, For if /^ be the type which 
it has at starting, f^ is zero at the beginning of the circuit, 
and, being a function of the final coordinates, must also be 
zero at the end as the system returns to 0. Therefore j^ cannot 
increase with the time throughout the circuit. But so long 

as ^ continues to be the Action in the course, -^ =izy, and 
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therefore f^ must go on increasing with the time at a finite 
rate. We see then that the Action must change type some- 
where in the circuit, and that can only be whenj^ =^, that 

is, at S. It must therefore change type at /tS, and ^ must at 

that instant change sign discontinuously. 

An example of this occurs in the case of the elliptic orbit 
above discussed, where the Action to 5, the extremity of the 
diameter through the point of projection, has the same value 
for the retrograde as for the direct motion. And as we said, 
it there changes type, adopting for the second half of the 
orbit %'n—B instead of ^ in its expression, that is the greater 
instead of the less value of ^\i.t derived from III of Art. 47. 

So generally, if the Action in different courses from to P 
depends upon the different values of 3*77+^, where B is a 
single- valued function of the coordinates of P, and i an integer, 
the Action changes tjrpe whenever B is zero or tt, although the 
configuration where that occurs may not be a kinetic focus. 

We have thus established the propositions contained in (3) 
and (4) of Art. 50. It remains to establish that contained 

ill (5). 

56.] If a configuration P le taken on any course 0C^8 starting 

from 0, between the configiiration and S, the configuration at 

which the Action first changes type^ the Action from to T in 

the course OG-J? will he less than that in any infinitely near con* 

strained course ; hit if the configuration P be taken beyond 8, the 

Action in the natural course OC^ SP will not necessarily be less than 

in the infinitely near constrained course. 

For if M be any configuration not in the course but infinitely 
near some configuration in the course between and P, it will 
be always possible by the continuity of the motion for the 
system to move from to M by a natural course of the original 
type, that is, in which the Action 'is f. 

At M let the system receive small impulses altering the 
direction of motion but not the kinetic energy, so as to make it 
pass to M\ and so on by the constrained course MM'P from M 
to P, being always infinitely near OC^P. 
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Then also it will be always possible for the system to move 
by a natural course OM' having Action of the type/i, from to 
M\ any configuration between M and P in the course MP. 

Let IT be infinitely near M. 








a 



Fig. II. 



Let the coordinates of Mha q^..,q^, those of M' q-^ + hqi, &c. 
Let the action in OM be /, that in OM'f+ bf. 
Let jD, q denote the momenta and velocities in OJtf, jj\ q those 
in JfP. 

Then, hf^^-^-hci, 

it b the the time from Mio M' in MM" P. 

But Action MM^ = ^j/qht. And since the total energy, and 
therefore also the kinetic energy, is the same at ifcf, in both 
courses, we have as before 

that is. Action Oif'— Action 0M< Action iIM\ 
or, Action Oif+ Action JO/' > Action 0M\ 

Similarly, if M^' be any other configuration in M'P infinitely 

near Jlf , 

Action Oif' + Action J[f' J/'' > Action OM'' ; 

and by the continued application of this method we prove that 

Action OM-it Action MP > Action OP ; 

and since M may be as near as we please, the proof applies to 
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any possible constrained course from to P, infinitely near 
OCiPy and having the total energy E. _ 

The above process would fail if P were on the other side of 
S, and therefore the Action in OSP were of a different type 
from ^1 . 

For in that case it would, as in the case of the projectile, gene- 
rally result in proving that Action {0M+3IP) is greater, not 
than Action OC^P, but than Action OG^P,^ a course from to 
P having the same type of Action as OM, And this holds if 
the change of type consists in giving different values to a 
multiple function such as cos"^;;^ (see Art. 48). We should in 
that case prove that 

Action ( Oif + MP) > Action OP 
only where we use both in OM and OP the value of cos~^ m 
which is less than tt, or in both the value between tt and 2 tt, 
and so on. 

Suppose a material system can move from to P, from P to 
Q, and from Q to 0, the total energy being the same throughout 
but the momenta at 0, P, and Q different in two adjacent courses. 
If we define OPQ so constituted to be a kinetic triangle^ the 
Actions in OP, PQ, and QO its sides ; the process of this Article 
shews that two sides of such a triangle are necessarily greater 
than the third side, provided the Action in either of the two 
sides be of the same type with that in the third side ; otherwise 
not necessarily. 

57.] We may therefore draw the following conclusions applic- 
able to any conservative system whatever : — 

{i) So long as the Action from in any course retains the 
same type^ it is less than the Action in any infinitely little varied 
course from to the same final configuration^ and is therefore a 
true minimum ; 

(2) But generally ceases to he the least possible when a con- 
figuration is passed to which any other course exists having equal 

Action, 

(3) After the change of type the Action ceases to be a minimum. 

* OC'P is not shewn in the figure. 
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58.] The following is the analogous theorem in Geometry : — 
If be a point on a surface, and geodetic lines be drawn 
from it ; and if 8 be the point of ultimate intersection of two 
such geodetics, OC^S^ OC^S, when they very nearly coincide, 
then if P be any point in OC^S between and S, OC^P is 
shorter than any line from to P that can be drawn upon the 
surface infinitely near it^ but not necessarily shorter than any 
line whatever drawn on the surface from to P. If P lie on 
OCiS beyond 8, a line can be drawn upon the surface from to 
P infinitely near to and shorter than OC^SP, 

59.] Now let the system having passed 8^, the first kinetic 
focus, and there as we have seen acquired ^g for its type of Action, 
arrive at a second kinetic focus /Sg, where f^ =J^. 

It can then be shewn, exactly as in Art. 54, that the Action 
again changes type, and becomesyg for configurations beyond 8^. 
And in like manner the system may successively assume all the 
types fx-'fr from the least to the greatest. 

60.] As an example of a kinetic focus occurring in a system 
of many degrees of freedom we may take the case of a system 
of projectiles. Let, for instance, A material particles of masses 
respectively % . . . «ttx be simultaneously projected in the same 
vertical plane from a point 0, the sum of their kinetic energies 
at being equal to a given constant E. 

Let it be required to find the initial velocities of the several 
particles in order that the system, so started from 0, may 
pass through a given configuration ^i, ^i, ... ^aj ^a* that is, that 
the particle % may be at x^^ y^, and m^ at x^^ y^y and so on all 
at the same instant. Let be the origin of coordinates, the 
axis of X being horizontal in the plane of projection. 

Let i^...«;^ be the horizontal, v^,,,Vx the vertical velocities 
of the several particles at 0. Let t be the time measured from 
the instant of projection. Then 

Also i/j = — ^ , «*2 = — > &c. ; 

V V 

and therefore 2 m m' = 2 m — • 
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Also Vi — v^t — igt^y or v^ = ^-\-igt; 

similarly v^z=^+\gt, 

&c. = &c. 
Therefore 2 ?» v^ = 2 ??i ^ + 2 wi f- </ 2 my. 

And 2E = 2m ^^ +2wi-2-- J^g^my. 

Whence we obtain 

±>/4E--4E(72w2/-2wi/2m(ic2 + y2)+^(2m2/)^ 
It appears then that there are two distinct values, two equal 
values, or no possible value, of t^^ according as the quantity 

under the radical sign in the above expression for — -— is 

positive, zero, or negative. 
Again, for any particle, as m^^ 

.2^2 



g-t^ _ 



which for either value of i^ gives a single value of n^'\-v^. 
Similarly 

which also gives a single value of— for each value of t^. There- 

fore for each value of (^ there is a single possible course for each 
particle. 

It follows that corresponding to the two values of t^ there are, 
if the quantity under the radical sign be positive, two, and only 
two, distinct courses by which the system can pass from to the 
given configuration a?i, y^ •'- ^\,yk' 

When the quantity under the radical sign becomes zero, the 
two courses become coincident, and the configuration x^^y^ ... is 
then a kinetic focus conjugate to 0, 

Again, by substituting ^^ for a? and vt'-'\gt^ for y in the 
quantity under the radical, it will be reduced to (2E— ^^ 2»2v)^. 
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Therefore the time at which the kinetic focus is reached is foand 

2 E 
from 2E-^fft'2mv = or ^ = -— — . This is necessarily posi- 

tive i{2mv be positive, that is if the direction of motion of the 
oeintre of gravity of the system at be above the horizontal line. 
In that case the system necessarily passes through one and only 
one kinetic focus after projection from 0. The theorems of 
Arts. 51 and 54 may be verified in this case as in that of the 
single projectile. 

61.] It is evident that a kinetic focus may be regarded as the 
ultimate intersection of two neighbouring courses from the same 
initial configuration 0, both having the same value of E, the 
sum of the potential and kinetic energies, when the initial 
momenta in the one motion differ infinitely little from those in 
the other. 

K the system while in the initial configuration receive im- 
pulses changing its momenta from jOi . . . Pn to jOi + ^/?i . . . i»^ -f ^Pni 
such impulses are said to constitute a disturbance of the motion ; 
and if the variations of the momenta are such as not to alter 
the kinetic energy of the system in the given configuration, the 
disturbance is called a conservative disturbance. 

We may obtain a general equation showing the condition that 
a kinetic focus may exist in a given course from 0, and at the 
same time determining its position if it exist, and the nature of 
the disturbance in order that the disturbed course may intersect 
the undisturbed one, i.e. have a configuration in common 
with it. Thus — 

Let Px..'Pn be the initial momenta at 0. Then E being 
g^ven, any one of the ^'s, e.g. jd„, may be expressed in terms 
of the others and E, so that onlyjOj ...i?„_i are independent. 

Let f be the Action in the original system from to a 
configuration P whose coordinates are ^i . . . $'« ; and let the 
Action in the varied motion from to P', whose coordinates 
are ft + ^yi, &c., have the same value/. Then, p denoting the 
Inomenta in the original course at P, 

H 
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This constitutes one relation between the variations ^yi...^5'«, 
from which any one, e.g. ^q,^, may be found in terms of the 
others, so that only S^^ ... S^^^-i are independent. 

Now qi...qn 2<re functions of Pi...Pn and ^, that is, as we 
have seen, of jOj ... i?„_i, E, and/l If therefore,/^ being constant, 

^£i stand for ('M + ^'^ 

(^ beinff the partial differential coeflScient of jo„ with regard 

tojDi when jo„ is expressed as a function of jo^ ...j»„-i and E) and 

the other coeflScients —^ in like manner, we have, in order to 

aj) 

determine T^qi... ^j'h-u ^^^ system 

&c. = &c. ; 

in which the coeflScients -y^ are functions of/>i.../?„_i, E, and/l 

up 

In order that P may be a kinetic focus conjugate to 0, every 

^q must vanish otherwise than by the vanishing of Ipi ... <^/?„_i, 

if the proper value of/^be substituted in the coefficients -^ , and 

proper values given to the ratios of the T^p's. But this cannot 
happen for any set of ratios unless the determinant of the system 
be zero, that is, 

2±(^. i^-) = (B) 

This then is an equation from which ^ the action from to P, 
and thence also the time t of reaching the kinetic focus, may be 
determined. If it have one or more real and positive roots dif- 
fering from zero, each of them corresponds to the time at which 
the system, started from with the momenta jo^ ... /?,i-i, reaches 
a kinetic focus conjugate to 0, and therefore determines the 
position of that focus. 
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In the case of the projectile or any other motion in a plane 
curve, the curve of equal Action is normal to the course. If the 
undisturbed course intersect it in P, and the disturbed one in P', 
then let PP^z=z ^g, or if ^jd be the variation of one of the two 

initial momenta. PP'^ -4- ^p. 

dp 

In order that P may be a kinetic focus we must have ^ = 0, 

that being the form which the equation (B) assumes in tins case. 

Further, in case there be more than two degrees of freedom, if 
the equation (B) be satisfied, it harmonises the equations (A), and 
they then suffice to determine the ratios which c^jOj . . . ^jo„_i must 
bear to each other^ that is the particular kind of disturbance, in 
order that the disturbed and undisturbed courses may have a 
configuration in common. 

If for different roots of the equation (B) these ratios have 
different values, they correspond to distinct disturbed courses 
from 0, each of which intersects the original course. If two or 
more roots of (B) correspond to one and the same set of ratios of 
^jOj ... ^Pn-ii *'^Gn the same disturbed course intersects the un- 
disturbed course more than once. The second and subsequent 
intersections may with propriety be called secondary kinetic foci. 
In the elliptic orbit before considered, the disturbed course inter- 
sects the undisturbed one four times in each complete revolution. 
In the case of the projectile, on the other hand, the two courses, 
having once intersected each other in the kinetic focus, will 
never after again intersect. 

If in equation (B) we were to substitute for jOi . . . jo„_i and f 
their values as functions of the initial and final coordinates, 
(B) would then be an equation between the final coordinates 
involving the initial coordinates as constants; the equation 
namely to the locus of kinetic foci, or envelope of the system. 
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CHAPTER V. 



APPENDIX. 



Article 62.] We referred in Article 1 to an expression for jo^, 
the generalised component of momentun; corresponding to the 
coordinate q^ in the language of quaternions, viz. the scalar 
fanction 



dt d^r 

p being the vector from the origin to an element of the system 
of mass m, expressed as a function of the n scalar variables 
qi ...$"„ 9 and D' denoting summation for all such elements. In 
like manner 

dt'^ dqr 

denotes the generalised component of force, J?)., corresponding to 

the coordinate g^* 

If we denote by P^ and G^ respectively the corresponding 

vector functions 

rmV^4^ -nd ^mr^4^, 
at dqr dt dq^ 

it will be found that P and (? possess analytical properties 
similar in many respects to those already investigated for jt? and 
F. For we have 

substituting which in the expressions for p and P respectively, 
we obtain 
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in which eveiy -r^ is a vector. Evidently in the expression for 
Pr the term involving q^ disappears, because 

If we write these equations in the form 

—/^r = «ir ^1+ ••• +«rr ir + ••• +«»r ^ni 
-Pr = ^irii+--- +^nr4n9 

the coefficients a are all scalars, and the coefficients b are the 
corresponding vectors. 
Further, 

as already proved, but 

If /i... /^ be any other set of component velocities which the 
system might have in the stime configuration, we shall obtain 
from the above 

as above proved, but 

2 denoting summation from 1 to ^. Also 

and by making /= ^, we obtain 

2P^ = 0. 
Again^ Lagrange's equations may be written 

dt * ^ dq ^ * ^dq d^ dq 

to which corresponds 

dP r^.dP^^, yd'pdp ,^.dP_^„ 
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63.] The scalar function — 2'mS-^p is equal to 
,^ , doff dy dz. ^ d -^ , ^ „ .. 

^mV -J2 9 is twice the vector area described by the system per 

(vt 

unit of time about an axis through the origin. 

In Cartesian coordinates ^'m{x~ — y_^ is twice the area 

described per unit of time about the axis of z. If a line be mea- 
sured off along that axis representing in magnitude 

, { dxj dx\ 
I dt ^ dtS 
and if the corresponding lines be taken for the other two axes, 
and the resultant of these three lines be formed, that resultant is 

represented in magnitude and direction by ^'mV -^p. 

If this be denoted by -4, and if the corresponding scalar 

— S'm/S-^^/), or its equivalent S'm 1^-7- + 2/;7^+^-7-[» 

be denoted by 5, we see that P stands in the same relation to A 

in which JO stands to 5, so that 

dS ^ ^ dA 
« = -J- and P = — - , 
dq^ c?2 

the actual velocities Xj y, z being in either case regarded as 

constant. 

64.] We conclude with Clausius' theorem on the equality of 

the mean kinetic energy and the mean virial, as expressed in 

generalised coordinates. In the expressions obtained in the last 

Article, if for the linear velocities 

dp dx dy dz 

-7: » or ~^7- J — - J — — , 
dt dt dt dt 

we substitute the effective accelerations 

d^p d^x d'^y d^z 

dt^ ' ^'' dt''' "5?"' W 
the scalar 45 becomes 

- "I'mS -^P or Ym {Xx+ Yy-\-Zz], 
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the half of which is called the virial of the system, which we will 
denote by F. The vector A becomes the moment of the re- 
saltant couple. 
Now let us suppose that the nature of our material 

system is such that the mean value of l^m -77 p is constant, if the 

time for which the mean is taken be sufficiently great. That is 
evidently the case for every strictly periodic motion if the means 
be taken for the periodic time; and it may be the case for 
motions which are not strictly periodic if a sufficiently long 
time be in question. Any such motion may be defined to be 
stationary. 

As the expression I^m -z- p has both a scalar and a vector part^ 

both must be separately constant on average of the time in 
question, or, which is the same thing, both 

-zr -s* rnb —- p =z on averaxre. 

* * 1 (0) 

and —'2^mV — p = on average. 
The first of these equations gives 

or the mean kinetic energy added to the mean virial is zero. 

The second of equations (C) expresses the principle of con- 
servation of areas. 

65.] If now p be such a function of ^j ... g,^ as that 

then -^ITmS^p = 2;;^, 

at 

and 2'mV^p = '2Pq, 

so that in stationary motion both ^pq and ^Pq are constant on 
average. And in this case 

^ dt^ ^ dq 
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and is therefore identical with the virial as hitherto defined. 
We have then in this ease 2Fq + 2T = 0. 

66.] In the general ease an analogous theorem to that of the 
last article may be proved thus : — 

If 2j)q be constant on average, then on average 

-2^.^ = 0; 

that is, ^i-f -\-^pq = 0; 

ctt 

that is, S^r^- ^) + 27'= ; 

or, writing Z for T— U, remembering that 

_dT_dL 
^ ^ dq '^ dq 

„ dij w, dJj 
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Burton, with an Intioductioa by William Bright, D.D. 1S73. Grown 
810. clalb, 81. 6d. 

ZhiBebii Famphili Hist. Eccl, : AnnotationeB Variorum. 

Tomi II. iB4a. 8vo. clalb, ij,. 

Hvagrii Historia Ecclesiastica, ex recensione H.Valesii. 1844. 

Irenaeiui: The Third Boot of S: 

against Heresies. With shon Nol« _ . 

Fellow of St. john'i College, Oxford, 1874. Cro' 
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OrigezdB Fhiloeophumen* ; sive omnium Haeresium Refiitatio. 
£ Codice Paritino nanc primum edidit Emmanuel Miller. 1 85 1. Svo. 
cloth, lot. 

Patnun Apostolioorum, S. Clementis Roman!, S. Ignatii, S. 
Polycarpi, quae supenunt. Edidit GuiL Jacobson, S.T.P.R. Tomi II. 
Fourth Editiom, 1863. Svo. cloth, i/. u, 

Heliquiae Saorae secundi tertiique saeculi. Recensuit M.J. 
Routh, S.TJ*. Tomi V. Second Edition, 1846-1848. 8yo. cloth, i/. 5s. 

Bdriptarum Eoolesiastioorum Opuaoula. Recensuit M. J« 

Routh, S.T.P. Tomi 11. Third Edition, 1858. 8vo. clotb, los, 

Sooratia Scholastic! Historia Ecclesiastica. Gr. et Lat. Edidit 
R. Hossey, S.T.B. Tomi III. 1853. 8vo. cloth, 15s. 

Boorates' Ecdeaiastdeal Hiatory, according to the Text of 

Hussey, with an Introduction by William Bright, D.D. 1878. Crowa 
8?o. cloth, 7s. 6d» 

BoBomeni Historia Exclesiastica. Edidit R. Hussey, S.T.B. 

Tomi III. 1859. ^^^- ^^°^^* 15'* 
Theodoreti Ecclesiasticae Historiae Libri V. Recensuit T. 

Gaisford, S.T.P. 1854. 8vo. cloth, p, 6d, 

Theodoreti Graecarum Affectionum Curat io. Ad Codices MSS. 
recensuit T. Gaisford, S.T.P. 1839. 8vo. cloth, p, 6d, 

Dowling (J. G.) Notitia Scriptorum SS. Patrum aliorumque vet. 
Eccles. Mon. quae in Collectionibus Anecdotorum post annum Christ! 
MDCC. in lucem editis continentur. 1839. 8vo. cloth, 4s. 6d» 

ECCIiESIASTICAIi HISTOBY, BIOGBAPHT, &c 
Baedae Hiatoria Ecdesiastiea. Edited, with English Notes 

by G. H. Moberly, M.A. 1869. crown Svo. cloth, los. 6d, 

Bingham's Antiquities of the Christian Church, and other 
Works. 10 vols. 1855. Svo. cloth, 3/. 3s. 

Byight (W., D.D.). Chapters of Early English Church History. 

1878. Svo. cloth, 1 25. 

Burnet's History of the Befbrmation of the Church of Eng- 
land. A new Edition. Carefully revised, and the Records collated 
with the originals, by N.Pocock, M.A. 7 vols. 1865. Svo. 47.^5. 

Burnet's Life of Sir M. Hale, and Fell's Life of Dr. Hammond* 
1856. small Svo. clotb, as. 6d, 

Cardwell's Two Books of Common Prayer, set forth by 

authority in the Reign of King Edward VI, compared with each other. 
Third Edition, 1852. Svo. cloth, p, 

Cardwell's Documentary Annals of the Reformed Church of 
England; being a Collection of Injunctions, Declarations, Orders, Arti- 
cles of Inquiry, Sec, from 1546 to 1716. a vols. 1S43. Svo. clo^, i8«. 
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Oardwell's History of Conferences on the Book of Common 
Prayer from 155 1 to 1690. Third Edidon^ 1849. ^^^* ^^o^'^> 75. 6<f . 

Councils and Ecclesiastical Documents relating to Great 
Britain and Ireland. Edited, after Spelman and Wilkins, by A. ^. 
Haddan, B.D., and W. Stubbs, M.A., Regius Professor of Modem 
History. Oxford. Vols. I. and III. 1869-71. Medium 8vo. clothe 
each i/. IS. 

Vol. II. Part I. 1873. Medium 870. clothe ids. 6£f. 

Vol. II. Part II. 1878. Church of Ireland | Memorials of St. Patrick. 
stiff eoverst 5s. 6^. 

Formularies of Faith set forth by the King's Authority during 
the Reign of Henry VIII. 1856. 8vo. clotb, 7s. 

Fuller's Church History of Britain. Edited by J. S. Brewer, 
M.A. 6 vols. 1845. 8vo. clotbt i/. 19s. 

Qibson's Synodus Anglicana. Edited by E. Cardwell, D.D. 
1854. 8vo. clotht 6s. 

HuBsey's Bise of the Papal Power traced in three Lectures. 
Second Edition, 1863. fcap. 8vo. elotb, ^.6d. 

Inett's Origines Anglicanae (in continuation of Stillingfleet). 
Edited by J. Griffiths, M.A. 3 vols. 1 855. 8vo. clotb, 15s. 

John, Bishop of Bphesus'. The Third Part of his Ecclesias- 
tical History. [In Syriac] Now first edited by William Cureton, 
M.A. 1853. 4to. clotb, i/. 12s, 

The same, translated by R. Payne Smith, M.A. i860. 8yo. 
clotbt I OS. 

Knight's Life of Dean Colet. 1823. 8vo. clotby *js. 6d, 

lie Neve's Fasti Ecclesiae Anglicanae. Corrected and continued 
/rom 1715 /0i853byT.DuffusHardy. 3 vols. 1854. 8vo. c/o/*, i/. i«. 

The Liturgy and Bitual of the Celtic Church. By F. E. 
Warren, B.D., Fellow of St. John's College, Oxford. In the Press, 

Hissale Vetus Anglo-Saxoniciun : the Liturgy of the Anglo- 
Saxon Church. By the same Editor. In Preparation, 

Noelli (A.) Catechismus sive prima institutio disciplinaque 
Pietatis Christianae Latine explicata. Editio nova cura Guil. Jacobson, 
A.M. 1844. 8vo. clotb, 55. 6d, 

Prideaux's Connection of Sacred and Profane History. 2 vols. 
1851. 8vo. clotb, los. 

Primers put forth in the Reign of Henry VIII. 1848. 8vo. 
clotb, 5s. 

Becords of the Beformation. The Divorce, 1537 — 1533. 
Mostly now for the first time printed from MSS. in the British Museum 
and other Libraries. Collected and arranged by N. Pocock, M.A. 
1870. 2 vols. 8vo. clotb, I/. 165. 
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Reformatio Iiegxun EcoloBlastlcanun. The Reformation of 
Ecclesiastical Xaws, as attempted in the reigns of Henry VIII, Edward 
VI, and Elizabeth. Edited by £. Cardwell, D.D. 1850. Svo. eloth^ 
6s, 6d, 

Shirley's (W. W.) Some Account of the Church in the Apostolic 
Age. Second Edition, 1874. fcap. Svo. clotb, 3s. 6d, 

Bhuokford's Sacred and Profane History connected (in con- 
tinuation of Prideaox). 2 vols. 1848. Svo. ciotb, I Of. 

Stillingfleet's Origines Britannicae, with Lloyd's Historical 
Account of Church Government. Edited by T. P. Pantin, M.A. a vols. 
1S42. Svo. clotb, los. 

Stubbs (W.). Begistrum Sacrum Anglicanum. An attempt 
to exhibit the course of Episcopal Succession in England. 185S. small 
4to. ciotb, Ss. 6d, 

Strype's Works Complete, with a General Index. 37 vols. 
iS 2 1-1843. Svo. clotb, 7/. 13s. 6d. Sold separately as follows:— 

Memorials of Cranmer. 2 vols. 1840. Svo. clotJb, lis. 

Life of Parker. 3 vols. iSaS. Svo. clotb, i6j, 6d, 

Life of Grindal. iSai. Svo. clotb, 5/. 6d, 

Life of Whitgift. 3 vols. iSaa. Svo. cJotb, 16/. 6d, 

Life of Aylmer. iSao. Svo. clotb, 5/. 6d, 

Life of Cheke. iSai. Svo. clotb, 5/. 6d. 

Life of Smith. i8ao. Svo. clotb, 5/. 6d, 

Ecclesiastical Memorials. 6 vols. iSaa. Svo. clotb, i/. 13/. 

Annals of the Reformation. 7 vols. Svo. clotb, a/. 3/. 6d. 

General Index, a vols. iSaS. Svo. clotb, lu. 

Sylloge Confessionum sub tempus Reformandae Ecclesiae edi- 
tarum. Subjiciuntur Catechismus Heidelbergensis et Canones Synod! 
Dordrechtanae. 1S27. Svo. clotb, Ss. 

ENQIiISH THEOIiOaY. 

Beveridge's Discourse upon the XXXIX Articles. The tbird 
complete Edition, 1S47. ^^^* clotb, Ss, 

Bilson on the Perpetual Government of Christ's Church, with a 
Biographical Notice by R.Eden, M.A. iS4a. Svo. clotb, 4s. 

Biscoe's Boyle Lectures on the Acts of the Apostles. 1840. Svo. 
clotb, gs, od, 

Biill's Works, with Nelson's Life. Edited by E. Burton, D.D. 
A new Edition, 1S46. 8 vols. Svo. clotb, a/. 9s. 

Burnet's Exposition of the XXX IX Articles. 1845. Sso, clotb, *js. 

Burton's (Edward) Testimonies of the Ante-Nicene Fathers to 
the Divinity of Christ. Second Edition, iSa9. Svo. clotb, 7'* 
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Burton's (Edward) Testimonies of the Ante-Nicene Fathers to 
the Doctrine of tiie Trinitj and of the Divinitj of the Holy Ghost. 
1 83 1. 8?o. dolht 3s. 6d, 

Butler's Works, with an Index to the Analogy, a vols. 1874. 
8yo. elotht lis. 

Butler's Sermons. 8vo. cloth, 5/. 6d. 

Butler's Analogy of Beligion. 8vo. cloth, 5/. 6d. 

Chandler's Critical History of the Life of David. 1853. 8to. 
eloOf^ 8s. 6d, 

Chillingworth's Works. 3 vols. T838. 8vo. cloth, i/. is.6d. 

Clergyman's Instructor. Sixth Button, 1855. 8vo. cloth, 6s. 6d. 

Comber's Companion to the Temple ; or a Help to Devotion in 
the use of the Common Prayer. 7 vols. 1 841. 8vo. clotbt i/. lis. 6d, 

Cranmer's Works. Collected and arranged by H* Jenkyns, 
M.A., Fellow of Oriel College. 4 vols. 1834. 8vo. clotb, il, los. 

Enchiridion Theologioum Anti-Romanum. 

Vol. I. Jeremy Taylor's Dissuasive from Popery, and Treatise on 
the Real Presence. 1852. 8vo. cloib, 8s. 

Vol. II. Barrow on the Supremacy of the Pope, with his Discourse 
on the Unity of the Church. 1852. 8vo. clotb, *js,6d. 

Vol. in. Tracts selected from Wake, Patrick, Stillingfleet, Clagett, 
and others. 1837. 8yo. clotb, lis. 

[Fell's] Paraphrase and Annotations on the Epistles of St. Paul* 
1852. 8yo. clotb, 7s. 

Qreswell's Harmonia Evangelica. Fifth Edition, 1856. 8vo. 
clotb, 9s. 6d, 

Qreswell's Prolegomena ad Harmoniam Evangelicam. 1840, 
8vo. clotb, 9s. 6</. 

Qreswell's Dissertations on the Principles and Arrangement 
of a Harmony of the Gospels. 5 vols. 1837. ^^o* clotb, 3/. 3s. 

Hall's (Bp.) Works. A new Edition, by Philip Wynter, D.D. 
10 vols. 1863. 8vo. cloib, 3/. 3s. 

Hammond's Paraphrase and Annotations on the New Testa- 
ment. 4 vols. 1845. 8vo. clotb, U, 

Hammond's Paraphrase on the Book of Psalms, a vols. 1850. 
8vo. clotb, IDS. 

Heurtley's Collection of Creeds. 1858. 8vo. cloth, 6j. 6d. 

Homilies appointed to be read in Churches. Edited by J. 
Griffiths, M.A. 1859. 8vo. clotb, 7s. 6 J. 
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Hooker's Works, with his Life by Walton, arranged by John 
Keble, M.A. SUUb EditUm, 1874. 3 ^ol<- ^^o* ^'o^» i^* iu,^d. 

Hooker's Works; the text as arranged by John Keble, M.A. 
a vols. 1875. 8?o. eloib, lis. 

Hooper's (Bp. George) Works, a vols. 1855. 8vo. chtb, 8j. 
Jackson's (Br. Thomas) Works. la vols. 1844. 8vo. ehtb, 

Jewel's Works. Edited by R. W. Jelf, D,D. 8 vols. 1847. 
8vo. elotb^ 1/. lot. 

Patrick's Theological Works. 9 vols. 1859. Syo, chtb, i/. i/« 

Pearson's Exposition of the Creed. Revised and corrected by 
£. Burton, D.D. Sixth EdUton, 1877. 8vo. elotb, lot, 6d. 

Pearson's Minor Theological Works. Now first collected, with 
a Memoir of the Author, Notes, and Index, by Edward Churton, M.A. 
a vols. 1844. 8vo. elotbt lot. 

Sanderson's Works. Edited by W. Jacobson, D.D. 6 vols. 
1854. 8vo. elotb, i/. lOi, 

Stanhope's Paraphrase and Comment upon the Epistles and 
Gospels. A new Edition, a vols. 185 1. 8vo. elotb, los. 

Stillingfleet's Origines Saorae. a vols. 1837. 8vo. clotJb, 9/. 

Stillingfleet's Rational Account of the Grounds of Protestant 
Religion; being a vindication of Abp. Laud's Relation of a Conference, 
&c. a vols. 1844. 8vo. elotb, 10s, 

Wall's History of Infant Baptism, with Gale's Reflections, and 
Wall's Defence. A new Edition, by Henry Cotton^ D.C.L. a vols. 
1 86a. 8vo. elotb, i/. is. 

Waterland's Works, with Life, by Bp. Van Mildert. j1 new 
Edition, with copious Indexes. 6 vols. 1857. 8vo. elotb, a/. lis. 

Waterland's Review of the Doctrine of the Eucharist, with a 
Preface by the present Bishop of London. 1868. crown 8vo. elotb, 
6s. 6d. 

Wheatly's Illustration of the Book of Common Prayer. j1 
new Edition, 1S46. 8vo. elotb, 5s. 

Wyclif. A Catalogue of the Original Works of John Wyclif, by 
W. W. Shirley, D.D. 1865. 8vo. elotb, 3s. 6d, 

Wyclif. Select English Works. By T, Arnold, M.A 3 vols. 
1 871. 8vo. elotb, a/, as. 

Wyelif. Trialogus. With the Su^lement now fint edited. By 
Gotthard Lechler. 1869. 8vo. eloib, 14s. 
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ENGIiISH HISTOBICAIi Ain> DOCnMEITTABY 

WOBKS. 

British Barro'vvB, a Record of the Examination of Sepulchral 

Mounds in various parts of England. By William Greenwell, M.A., 
F.S.A. Together with Description of Figures of Skulls, General 
Remarks on Prehistoric Crania, and an Appendix by George Rolleston, 
M.D., F.R.S. 1877. Medium 8vo. cloth, 255. 

Two of the Saxon Chronicles pajrallel, with Supplementary 
Extracts from the Others. Edited, with Introduction, Notes, and a 
Glossarial Index, by J. Earle, M.A. 1865. ^^o* ^^^h^ i6s. 

Magna Carta, a careful Reprint. Edited by W. Stubbs, M.A., 
Regius Professor of Modem History. 1879. 4^^' ^i^cbed. Is, 

Britton, a Treatise upon the Common Law of England, com- 
posed by order of King Edward I. The French Text carefully revised, 
with an English Translation, Introduction, and Notes, by F. M.Nichols, 
M.A. 2 vols. 1865. royal 8vo. clotb, i/. 16s, 

Burnet's History of His Own Time, with the suppressed Pas- 
sages and Notes. 6 vols. 1853. 8vo. clotb, a/. los. 

Burnet's History of James II, with additional Notes. 1853* 
8vo. clotb, 9s. 6d. 

Carte's Life of James Duke of Ormond. ^ ne<iv Edition^ care- 
fully compared with the original MSS. 6 vols. 1 851. 8vo. clotb ^ i/. 5s. 

Clarendon's (Edw. Earl of) History of the Rebellion and Civil 
Wars in England. To which are subjoined the Notes of Bishop War- 
burton. 7 vols. 1849. inedium 8vo. clotb, 2I. los. 

Clarendon's (Edw. Earl of) History of the Rebellion and Civil 
Wars in England. 7 vols. 1859. i8ino. clotb, i/. is. 

Clarendon's (Edw. Earl of) History of the Rebellion and Civil 
Wars in England. Also His Life, written by Himself, in which is in- 
cluded a Continuation of his History of the Grand Rebellion. With 
copious Indexes. In one volume, royal 8vo. 1842. clotb, i/. as. 

Clarendon's (Edw. Earl of) Life, including a Continuation of 
his History, a vols. 1857. medium 8vo. clotb, i/. 25. 

Clarendon's (Edw. Earl of) Life, and Continuation of his His- 
tory. 3 vols. 1827. 8vo. clotb, 1 6s. 6d, 

Calendar of the Clarendon State Papers, preserved in the 

Bodleian Library. In three volumes, 1869-76. 
Vol.1. From 1523 to January 1 649. 8vo. clotb, iSs, 
Vol. II. From 1649 to 1654. 8vo. clotb, 1 6s. 
Vol. III. From 1655 to 1657. ^▼o* ^^o/^* ^¥' 
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Calendar of Charters and Bolls preserved in the Bodleian 

Library. 1878. 8?o. c/o/Jl, i/. lis. 6dr. 

Freeman's (£. A.) History of the Norman Conquest of England; 
its Causes and Results. In Six Voiumgs, Svo, cloth, 5/. 9s. 6d, 

Vols. I-II together, 3rd edition, 1877. l/. 16s. 

Vol. Ill, 2nd edition, 1874. i/. is. 

Vol. IV, and edition, 1875. i/. is. 

Vol. V, 1876. I/. IS. 

Vol. VI. Index. 1879. 8vo. cloih, los. 6d, 

Lloyd*s Prices of Com in Oxford, 1 583-1 830. Svo. sewed, u. 

Iiuttrell's (Narcissus) Diary. A Brief Historical Relation of 
State Affairs, 1678-1714. vols. 1857. ^^o* ^^otb, l/. 4s. 

May's History of the Long Parliament. 1854. 8vo. cloth, 6j, 6d. 

Bogers's History of Agriculture and Prices in England, a.d, 
1 359-1 793' Vols. I and II (i 259-1400). 8vo. elotb, a/, as. 
Vols. Ill and IV in the Preu. 

Spring's England's Recovery ; being the History of the Army 
under Sir Thomas Fair£uc. 1854. Svo. clotb, 6s. 

Wbitelock's Memorials of English Affairs from i6a5 to i66o. 
4 vols. 1853. Svo. clotbt I/. los. 

Protests of the Iiords, including those which have been 
expunged, from 1624 to 1874 ; with Historical Introductions. Edited 
by James E. Thorold Rogers, M.A. 1875. 3 vols. 8vo. cloth, a/, as. 

XSnaotments in Parliament, specially concerning the Universi- 
des of Oxford and Cambridge. Collected and arranged by J. Griffiths, 
M.A. 1869. Svo. clotht I2S. 

Ordinances and Statutes [for Colleges and Halls] framed or 
approved by the Oxford University Commissioners. 1863. Svo. clotb, 
I2S. — Sold separately (except for Exeter, All Souls, Brasenose, and 
Corpus), at is. each. 

Statuta TTniversitatis Oxoniensis. 1880. Svo. elotB, 5/. 

The Student's Handbook to the University and Colleges 

of Oxford. Fifth Edition. 1 879. Extra fcap. Svo. c/oM, 2s. 6<f. 

Index to Wills proved in the Court of the Chancellor of the 
University of Oxford, &c. Compiled by J. Griffiths, M.A. lS6a. 
royal Svo. clotb, 3s. 6d, 

Catalogue of Oxford Graduates from 1659 to 1850. 185 1. 
Svo. cloA, 7s. 6d, 
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CHBOirOIiOGY, GEOGBAFHY, &e. 

Clinton's Fasti Hellenici. The Civil and Literary Chronology 
of Greece, from the LVIth to the CXXIIIrd Olympiad, nird tdition^ 
1841. 4to. clotbt ll, 14s. 6d, 

Clinton's Fasti Helleniei. The Civil and Literary Chronology 
of Greece, from the CXXIVth Olympiad to the Death of Augustus. 
Second edition, 1 85 1. 4to. cloib, ll, las. 

Clinton's Epitome of the Fasti Hellenici. 1851. 8vo. clotb^ 
6s. 6</. 

Clinton's FcuErti Bomani. The Civil and Literary Chronology 
of Rome and Constantinople, from the Death of Augustus to the Death 
of Heraclius. a vols. 1845, 1850. 4to. c/o/£, 5/. 9s. 

Clinton's Epitome of the Fasti Romani. 1854. 8vo. clotby yj. 

Cramer's Geographical and Historical Description of Asia 
Minor, a vols. 183a. 8vo. clotb, lis. 

Cramer's Map of Asia Minor, 15J. 

Cramer's Map of Ancient and Modem Italy, on two sheets, 15/. 

Cramer's Description of Ancient Greece. 3 vols. i8a8. 8vo. 
clotb, 1 6s. 6d, 

Cramer's Map of Ancient and Modem Greece, on two sheets, 1 5 j. 

Qreswell's Fasti Temporis Catholic!. 185a. 4 vols. 8vo. clotby 

2/. lOS. 

Oreswell's Tables to Fasti, 4to., and Introduction to Tables, 
8vo. 1852. elotbf 15s. 

GreswelX's Origines Kalendarise Italicse. 1854. 4 vols. 8vo. r/o^i^ 
a/, as. 

Greswell*B Origines Kalendarise Hellenicse. 6 vols. 186 a. 
8vo. cloth, 4/. 4s. 



MATHEMATICS, FHYSICAL SCIENCE, &e. 

Arehimedis quae supersunt omnia cum Eutocii commentariis 
ex recensione Joseph! Torelli, cum nov& versione Latin&. 179a. fol. 
cloth, ll, 5s. 

Bradley's Miscellaneous Works and Correspondence. With an 
Account of Harriot's Astronomical Papers. 183a. 4to. clotb, 17s. 

Reduction of Bradley's Observations by Dr. Busch. 1838. 4to. cloth, 35. 
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Astronomioal Observations made at the University Obser- 
vatory, Oxford, under the direction of C. Pritchard, M.A., Savilian Pro- 
fessor of Astronomy. No. i. 1878. Royal 8vo. paptr covers, 3s. 6d, 

Treatise on Infinitesimal Caloulus. By Bartholomew Price, 
M.A., F JI.S., Professor of Natural Philosophy, Oxford. 

Vol. I. Differential Calculus. Seeomd Edition, Svo. eloA, 141. 6d. 

Vol. II. Integral Calculus, Calculus of Variations, and Differential 
Equations. Second Edition, 1865. 8yo. cloib, i8«. 

Vol. III. Statics, including Attractions; Dynamics of a Material 
Particle. Second Edition, 1868. 8vo. clotb, 1 6s. 

Vol. IV. Dynamics of Material Systems ; together with a Chapter on 
Theoretical Dynamics, by W. F. Donkin, M.A., F.R.S. l86a. 
8vo. cloib, 16s. 

Bigaud's Correspondence of Scientific Men of the 17th Century, 
with Table of Contents by A. de Morgan, and Index by the Rev. J. 
Rigaud,M.A., Fellow of Magdalen College, Oxford, a vols. 1841-1863. 
8vo. cloth, 1 8s, 6d, 

Daubeny's Introduction to the Atomic Theory. 1850. i6mo, 
clotb, 6j» 

Vesuvius. By John Phillips, M.A., F.R.S., Professor of 
Geology, Oxford. 1869. Crown 8vo. clotb, los. 6d. 

Qeology of Oxford and the Valley of the Thames. By the same 

Author. 1 87 1. 8vo. clotb, 2 is. 

Synopsis of the Pathological Series in the Oxford Museum. 
By H. W. Acland, M.D., F.R.S., 1867. 8¥0. clotb, as. 6d. 

Thesaurus Entomologicus Hopeianus, or a Description of 
the rarest Insects in the Collection given to the University by the 
Rev. WiUiam Hope. By J. O. Westwood, M.A., F.L.S. With 40 
Plates. 1874. Small folio, ha^ morocco, 'jl, los. 

Text-Book of Botany, Morphological and Physiological. By 
Dr. Julius Sachs, Professor of Botany in the University of Wurzburg. 
Translated by S. H. Vines, M.A., and edited by W.T.Thisehon Dyer, 
M. A. Royal 8vo. Second Edition, in the Press, 

Johannes Muller on Certain Variations in the Vocal Organs 

of the Passeres that have hitherto escaped notice. Translated by 
F. J. Bell, B.A., and edited with an Appendix, by A. H. Garrod, M.A., 
F.R.S. With Plates. 1878. 4to. paper covers, p, 6d, 
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Bbert's Bibliographical Dictionary, translated from the German. 
4 vols. 1837. 8vo. clotbt I/. I OS. 

Cotton's List of Editions of the Bible in English. Second Edition^ 
corrected and enlarged. 1 85 2. 8vo. clotb, 8s. 6d, 

Cotton's Typographical Gazetteer. 183 1. 8 to. elotb, 12s, 6d* 

Cotton's Typographical Gazetteer, Second Series. 1866. 8 vo. 
elotb, I2s,6d. 

Cotton's Rhemes and Doway. An attempt to shew what has 
been done by Roman Catholics for the diffusion of the Holy Scriptures 
in English. 1855. 8vo. elotb, 9s. 



MISCETiTi ATTBOUS. 

Bacon's TSfaram Organnm. Edited, with English notes, by 
G. W. Kitchin, M.A. 1855. 8yo. clotb, 9s. 6d. 

Bacon's TSfovxmi Organiun. Translated by G. W. Kitchin, 
M.A. 1855. 8vo. clotb, 9s. 6d, (See also p. 35.) 

The Works of Qeorge Berkeley, DJ>., formerly Bishop of 
Cloyne; including many of his writings hitherto unpublished. With 
Prefaces, Annotations, and an Account of his Life and Philosophy, by 
Alexander Campbell Fraser, M.A. 4 vols. 1871. Svo. clotb, a/. 1 8s. 

The Iiife, Iiettera, &c. i vol. clotb, i6s. See also p. 35. 

The Iiogic of Hegel; translated from the Encyclopaedia of 
the Philosophical Sciences. With Prolegomena by William Wallace, 
M.A. 1874. 8?o. cloth, 14s. 

Smith's Wealth of ligations. A new Edition, with Notes, 
by J. E. Thorold Rogers, M.A. a vols. 1870. clotb, a is. 

A Course of Iieotures on Art, delivered before the University 

of Oxford in Hilary Term, 1 870, by John Ruskin, M.A., Slade 
Professor of Fine Art. 8yo. clotb, 6s. 

A Critical Account of the Drawings by Michel Angelo 
and Raffaello in the University Galleries, Oxford. By J. C. Robinson, 
F.S.A. 1870. Crown Svo. clotb, 45. 

Sturlunga Saga, including the Islendinga Saga of Lawman 
Sturla Thordsson and other works. Edited with Prolegomena, Ap- 
pendices, Tables, Indices, and Maps, by Dr. Oudbrand Vigfusson. In 
a Tols. 1878. Svo. cloth, a/, as. 
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Casauboni Ephemerides, cum praefatione et notis J. Russell, 
S.T.P. Tomi II. 1850. 8vo. eloib, 155. 

The Onnxiliiin; with the Notes and Glossary of Dr. R. M. 
White. Edited by Rev. R. Holt, M.A. 1878. a volt. Extra fcap. 
Svo. cloik, a 1 5. 

The Baored Books of the East. Translated by various, 

Oriental Scholars, and edited by F. Max Miiller. 

Vol. L The npanishads. Part I. The ^i&andogya-upanishad, 
The Talavakara-apanishad, The Aitareya-aranyaka, The Kaashitaki- 
brahmaiiaHipanisbad, and The Va^saneyi-tamhita-apanishad. Trans- 
lated by F. Max Miiller. Svo. eloth^ los. ^. 

Vol. II. The Sacred Iiaws of the Aryas, as taught In the 
Schools of Apastamba and Gautama. Translated by Georg Biihler. 
Svo. cloth, los. 6d, 

Vol. III. The Sacred Books of China. The Texts of Con- 
fucianism. Part I. The Shu King, The Shih King, and The Hsiao 
King. Translated by James Legge. Svo. cloth, I as. 6</. 

Vol. IV. The Zend-Avesta. Part I. The VendidSd. Trans- 
lated by James Darmesteter. Svo. cloth, los. 6d. 

Vol. V. Fahlavi Texts. Part I. The Bundahi^, Bahman 
Yast, and Shayast-lft-Sh&yast. Translated by E. W. West. Svo. cloth, 
I as. 6</. 

Vols. VI and IX. The Qnr'&n. Translated by Professor 
£. H. Palmer. Svo. cloth, a is. Just Published, 

Vol. VII. The Institutes of Vishnu. Translated by Julius 
Jolly. Svo. cloth, IDs. 6d, 



The following Volumes are also in the Press :— 

Vol. VIII. The Bha^avadgltA. with other extracts from the 
Mah&bh&rata. Translated by Kashinath Trimbak Telang. 

Vol. X. The 8uttanipA,ta, etc. Translated by Professor 

Fausboll. 

Vol. XI. The Mahd,parinibb&na Sutta, The Tevi^^a 
Sutta, The Mah&sudassana Sutta, The Dhamma-f akkappavattana 
Sutta. Translated by T. W. Rhys Davids. 
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€htttii!im ^n»» S^mm* 



The Dekgates of the Clarendon Press having undertaken 
the publication of a series of works, chiefly educational, and 
entided the Clarjenbmi ^nss Sjerijes, have published, or have 
in preparation, the following. 

Those to which prices are attached are already published; the others are in 

preparation, 

I. EITGLISH. 

A First Beading Book. By Marie Eichens of Berlin; and 
edited by Anne J. Clough. Extra fcap. 8yo. stiff covers, j^d, 

Oxford Beading Book, Part I. For Little Children. Extra 
fcap. 8vo. stiff covers, 6d, 

Oxford Beading Book, Part II. For Junior Classes. Extra 
fcap. 8vo. stiff covers, 6d, 

An Elementary English Grammar and Exercise Book. 
By O. W. Tancock, M.A., Head Master of Norwich School. Extra fcap. 
8vo. cloth, 15. 6d. 

An English Grammar and Beading Book, for Lower Forms 
in Classical Schools. By O. W. Tancock, M.A., Head Master of 
Norwich School. Third Edition. Extra fcap. 8vo. cloth, 35. 6d. 

Typical Selections from the best English Writers, with Intro- 
ductory Notices. Second Edition, In Two Volumes. Extra fcap. 8vo. 
cloth, 3s. 6d, each. 

Vol. I. Latimer to Berkeley. Vol. II. Pope to M acaulay. 

The Philology of the English Tongue. By J. Earle, M.A., 
formerly Fellow of Oriel College, and Professor of Angio^axon, Oxford. 
Third Edition. Extra fcap. 8vo. clotb, Js. 6d. 

A Book for the Beginner in Anglo-Saxon. By John Earle, 
M.A., Professor of Anglo-Saxon, Oxford. Second Edition, Extra fcap. 
8to. cloth, as. 6d. 

An Anglo-Saxon Beader. In Prose and Verse. With 
Grammatical Introduction, Notes, and Glossary. By Henry Sweet, 
M.A. Second Edition. Extra fcap. 8vo. cloth, 8s. 6d, 
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Specimens of Barly SngUsh. A New and Revised Edition. 
With Introduction, Notes, and Olouarial Index. By R. Morris, LL.D., 
and W. W. Skeat, M.A. 

Part I. In ibi Prea, 

Part II. From Robert of Gloucester to Gower (aj>. 1 298 to aj>. 1393)* 
SiGond Edition, Extra fcap. 8¥0. clotbt *js, 6d, 

Speeixnene of BngHah Uterature, from the 'Ploughnians 

C rede' to the 'Shepheardes Calender' (aj>. 1394 to a.d. 1579). With 
Introduction, Notes, and Glossarial Index. By W. W. Skeat, M.A. 
Extra fcap, 8yo. cloib, 7s. 6d, 

The Vision of WilUsm oonoeming Piers the Plowman, 

by WUliam Langland. Edited, with Notes, by W. W. Skeat, M.A. 
Extra fcap. 8yo. clotb, 41. 6d, 

Chauoer. The Prioresses Tale; Sir Thopas; The Menkes 
Tale; The Clerkes Tale; The Squieres Tale, &c. Edited by 
W. W. Skeat, M.A. Second Edition, Extra fcap. Svo. clotb, 4s. 6d. 

Chauoer. The Tale of the Man of Lawe; The Pardoneres 

Tale; The Second Nonnes Tale; The Chanouns Yemannes Tale. 
By the same Editor. Extra fcap. 8to. cloth, 4s. 6d, (See also p. aa.) 

Old English Drama. Marlowe's Tragical History of Dr. 
Faustus, and Greene's Honourable History of Friar Bacon and Friar 
Bungay. Edited by A. W. Ward, M.A., Professor of History and 
English Literature in Owens College, Manchester. 1878. Extra fcap. 
8vo. cloth, £s. 6d, 

Marlowe. Edward II. With Introduction, Notes, &c. By 
X O. W. Tancock, M.A., Head Master of Norwich School. Extra fcap. 
8yo. doih, 35. 

Shakespeare. Hamlet. Edited by W. G. Clark, M.A., and 
W. Aldis Wright, M.A. Extra fcap. Svo. stiff covers, as. 

Shakespeare. Select Plays. Edited by W. Aldis Wright, M.A. 
Extra fcap. 8vo. stiff covers. 

The Tempest, is. 6d, King Lear, is. 6d, 

As You Like It, is. 6d, A Midsummer Night's Dream, is. 6<f. 

Julius Cassar, as. Coriolanus, as. 6d, 

Richard the Third, as. 6d, Henry the Fifth. In the Press. 

(For other Plays, see p. a3.) 

Milton. Areopagitica. With Introduction and Notes. By 
J. W. Hales, M.A., late Fellow of Christ's College, Cambridge. Second 
Edition, Extra fcap. Sro. cloth, 3s. 
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Bunyan. Holy War, Life and Death of Mr. Badman, &c. 
Edited by £. Venables, M.A. In Preparation, (See also p. 23.) 

Iiooke on the Conduct of the Understanding. Edited by T. 
Fowler, M.A., Professor of Logic in the University of Oxford. In 
Preparation, 

Addison. Selections from Papers in the Spectator. With 
Notes. By T. Arnold, M.A., University College. Second Edition, 
Extra fcap. 8vo. clotb^ 45. 6d, 

Burke. Four Letters on the Proposals for Peace with the Regi- 
cide Directory of France. Edited, with Introduction and Notes, by 
£. J. Payne, M.A. Extra fcap. 8vo. elotht $s, (See also p. 25.) 

Also the following in paper covers : — 

Ck>ldsmith. The Deserted Village. 2d. 

Gray. Elegy, and Ode on Eton College. 2d. 

Johnson. Vanity of Human Wishes. With Notes by E. J. 
Payne, M.A. 4^/. 

Keats. Hyperion, Book L With Notes byW.T. Arnold, B.A. ^d. 

Milton. With Notes by R. C. Browne, M.A. 

Lycidas, ^d, L'AUegro, ^d, II Penseroso, j\d, Comus, ^, 

Samson Agonistes, €d, 

FamelL The Hermit. 2d. 

A 8EBIE8 OF ENGLISH CLASSICS, 

Designed to meet the twants of Students in English Literature^ 
by the late Rev. J. S. BREWER, M.A., of Queen* s College, Oxford^ 
and Professor of English Literature at Kln^s College, London. 

1. Chaucer. The Prologue to the Canterbury Tales; The 

Knightes Tale ; The Nonne Prestes Tale. Edited by R. Morris, 
Editor of Specimens of Early English, &c., &c. Sixik Edition, Extra 
fcap. 8vo. clotb, as. 6d, (See also p. ai.) 

2. Spenser's Faery Queene. Books I and II. Designed chiefly 

for the use of Schools. With Introduction, Notes, and Glossary. By 
G. W. Kitchin, M.A. 

Book I. Eighth Edition. Extra fcap. 8vo. elotb, 28,6d, 

Book II. Third Edition, Extra fcap. 8vo. elotb, 2S. 6d, 

3. Hooker. Ecclesiastical Polity, Book I. Edited by R. W. 

Church, M.A., Dean of St. Paul's ; formerly Fellow of Oriel College, 
Oxford. Second Edition, Extra fcap. 8vo. elotb, as. 
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4. Shakespeare. Select Plays. Edited by W. G. Clark, M.A., 

Fellow of Trinity College, Cambridge ; aad W. Aldis Wright, M.A., 
Trinity College, Cambridge. Extra fcap. 8vo. stiff covers, 

I. The Merchant of Venice, if. 

IL Richard the Second, is. 6d, 

in. Macbeth, is. 6J. (For other Plays, see p. 21.) 

5. Baoon. 

I. Advancement of Learning. Edited by W. Aldis Wright, M.A. 
Second Edition, Extra fcap. 8vo, c/o/A, 4s. 6d, 

IL The Essays. With Introduction and Notes. By J. R. Thursfield, 
M.A., Fellow and formerly Tator of Jesus College, Oxford. 

6. Milton. Poems. Edited by R. C. Browne, M.A. a vols. 

Fourth Edition, Extra fcap. 8vo. clotb, 65. 6d, 

Sold siparately, Vol. I. 41.; Vol. II. 3s. (See also p. 22.) 

7. Drjrden. Select Poems. Stanzas on the Death of Oliver 

Cromwell; Astrza Redux; Annus Mirabilis ; Absalom and Achitophel ; 
Religio Laici; The Hind and the Panther. Edited by W. D. Christie, 
M.A. Second Edition, Ext. fcap. 8vo. c/o/A, 35. 6d, 

8. Bunyaii. The Pilgrim's Progress, Grace Abounding, Relation 

of the Imprisonment of Mr. John Bunyan. Edited, with Biographical 
Introduction and Notes, by £. Venables, M.A. 1879. Extra fcap. 
8to. clotkf 55. 

9. Pope. With Introduction and Notes. By Mark Pattison, 

B.D., Rector of Lincoln College, Oxford. 

I. Essay on Man. Sixth Edition, Extra fcap. 8vo. is. 6d, 

II. Satires and Epistles. TTiird Edition, Extra fcap. 8vo. 2s. 

10. Johnson. Rasselas ; Lives of Pope and Dryden. Edited 
by Alfred Milnes, B.A. (London), late Scholar of Lincoln College, 
Oxford. Extra fcap. 8vo. cloth, 4s. 6d, 

11. Burke. Select Works. Edited, with Introduction and Notes, 
by E. J. Payne, M.A., of Lincoln's Inn, Barristcr-at-Law, and Fellow of 
University College, Oxford. 

I. Thoughts on the Present Discontents; the two Speeches on 
America. Second Edition, Extra fcap. 8vo. clotb, 4s. 6d, 

II. Reflections on the French Revolution. Second Edition, Extra 
fcap. 8vo. cloth, 51. (See also p. 22.) 

I a. Cowper. Edited, with Life, Introductions, and Notes, by 
H. T. Griffith, B.A., formerly Scholar of Pembroke College, Oxford. 

I. The Didactic Poems of 1782, with Selections from the Minor 
Pieces, a.d. i 779-1 783. Extra fcap. 8vo. cloth, 3s. 

II. The Task, with Tirocinium, and Selections from the Minor Poems, 
▲J>. 1 784- 1 799. Extra fcap. 8vo. clotb, 3s. 
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Selections f^om the less known Iiatin Poets. By North 
Pinder, M.A. 1869. Demy 8vo. c/o/i&, 15s. 

Fragpnents and Specimens of Early Iiatin. With Introduc- 
tions and Notes. 1874. By Johu Wordsworth, M.A. 8vo. c/o/^, iSs. 

Tacitus. The Annals. Books I-VI. With Essays and Notes. 
By T. F. Dallin, M.A., Tutor of Queen's College, Oxford. Prtparing, 

Vergil: Suggestions Introductory to a Study of the Aeneid. 
By H. Nettleship, MA. Svo. sewed, is. 6</. 

Ancient Iiives of Vergil ; with an Essay on the Poems of Vergil, 
in connection with his Life and Times. By H. Nettleship, M.A. 8vo. 
sewedf 2s, 

The Roman Satura : its original form in connection with its 
literary development. By H. Nettleship, MA. Svo. sewedf is. 

A Manual of Comparative Philology. By T. L. Papillon, 
MA., Fellow and Lecturer of New College. Second Edition, Crown 
Svo. cloth, 6s, 

The Roman Poets of the Augustan Age. By William 
Young Sellar, MA., Professor of Humanity in the University of 
Edinburgh. VmaiL. 1S77. Svo. cloth, 14s. 

The Roman Poets of the Republic. By the same Author. 
In the Press. 



III. GREEK. 

A Greek Primer, for the use of beginners in that Language. 
By the Right Rev. Charles Wordsworth, D.C.L., Bishop of St. Andrews. 
Sixth Edition, Revised and Enlarged. Extra fcap. Svo. elotb, is. 6d, 

Graecae Grammaticae Rudimenta in usum Scholarum. Auctore 
Carolo Wordsworth, D.C.L. Nineteenth Edition, iS'j'J. i2mo.bound,^s. 

A Greek-English Iiexicon, abridged from Liddell and Scott's 
4to. edition, chiefly for the use of Schools. Eighteenth Edition. Care- 
fully Revised throughout. 1 8 79. Square i2mo. c/o/i&, 7$. 6<f. 

Greek Verbs, Irregular and Defective; their forms, mean- 
ing, and quantity; embracing all the Tenses used by Greek writers, 
with references to the passages in which they are found. By W. Veitch. 
Fourth Edition, Crown Svo. cloth, los. 6d. 

The Elements of Greek Accentuation (for Schools): abridged 

from his larger work by H. W. Chandler, M.A., Waynflete Professor of 
Moral and Metaphysical Philosophy, Oxford. Ext fcap. 8to. cloth, as. 6d, 
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A Series of Graduated Greek Headers; — 

First Greek Beader. By W. G. Rushbrooke, M.L., for- 
merly Fellow of St. John's College, Cambridge, Second Classical 
Master at the City of London School. Extra fcap. 8vo. clothe 25. 6d, 

Second Greek Beader. By A. M. Bell, M.A. Extra fcap. 
8vo. clothf 3s. 6d, 

Third Greek Beader. In Preparation. 

Fourth Greek Beader ; being Specimens of Greek. 

Dialects. With Introductions and Notes. By W. W. Merry, M.A., 
Fellowand Lecturer of Lincoln College. Extra fcap.Svo. c/o/A,4s.6<f. 

Fifth Greek Beader. Part I. Selections from Greek Epic 
and Dramatic Poetry, with Introductions and Notes. By Evelyn 
Abbott, M. A., Fellow of Balliol College. Ext. fcap. 8vo.c/o/A,4s.6(/. 

Part II. By the same Editor. In Preparation. 

The Golden Treasury of Ancient Greek Poetry; being a Col- 
lection of the finest passages in the Greek Classic Poets, with Introduc- 
tory Notices and Notes. By R. S. Wright, M.A., Fellow of Oriel 
College, Oxford. Ext. fcap. 8vo. clotb, 85. 6d, 

A Golden Treasury of Greek Prose, being a collection of the 

finest passages in the principal Greek Prose Writers, with Introductory 
Notices and Notes. By R. S. Wright, M.A., and J. E. L. Shadwell, M.A. 
Ext. fcap. 8vo. cloth t 4^. 6</. 

Aeschylus. Prometheus Bound (for Schools). With Intro- 
duction and Notes, by A. O. Prickard, M.A., Fellow of New College. 
Extra fcap. 8vo. clothf 2s, 

Aeschylus. Agamemnon (for Schools), with Introduction and 
Notes by Arthur Sidgwick, M.A., Lecturer at Corpus Christi College, 
Oxford; late Assistant Master at Rugby School, and Fellow -of Trinity 
College, Cambridge. 

Aristophanes. In Single Plays, edited, with English Notes, 
Introductions, etc., by W. W. Merry, M.A. Extra fcap. 8vo. 

The Clouds, 2s. The Achamians, 25. Just Published. 

Other Plays will follow. 

Arrian. Selections (for Schools). With Notes. By J. S. Phill- 
potts, B.C.L., Head Master of Bedford School. 

Cebes. Tabula. With Introduction and Notes by C. S. 
Jerram, M.A. Extra fcap. Svo. cloth, as. 6d, 

Euripides. Alcestis (for Schools). By C. S. Jerram, M.A, 
Extra fcap. 8vo. cloth, as. 6d, 

Euripides. Helena (for Schools). By the same Editor. In 
the Press. 
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Herodotus. Selections from. Edited, with Introduction, Notes, 
and a Map, by W. W. Merry, M.A., Fellow and Lecturer of Lincoln 
College. Extra fcap. 8vo. cloth, 25. 6</. 

Homer. Odyssey, Books I— -XII (for Schools). By W. W. 
Merry, M.A. Nineteenth Thousand, Extra fcap. 8vo. clotbf 4s. 6d, 
Book II, separately, is. 6d, 

Homer. Odyssey, Books XIII-XXIV (for Schools). By the 
same Editor. Extra fcap. 8vo. cloth, 55. 

Homer. Iliad, Book I (for Schools). By D. B. Monro, M.A. 
Extra fcap. Sto. cloth, 2s. 

Homer. Iliad, Book XXI. Edited with Notes, etc., for the 
use of Schools, by Herbert Hailstone, M.A., late Scholar of St. Peter's 
College, Cambridge. Extr. fcap. 8vo. cloth, I8. 6d, 

Iiucian. Vera Historia (for Schools). By C. S. Jerram, M.A. 
Extra fcap. 8vo. cloth, is. 6d. 

Plato. Selections (for Schools). With Notes. By B. Jowett, 
M.A., Regius Professor of Greek ; and J. Purves, M.A., Fellow and 
late Lecturer of Balliol College, Oxford. In the Press, 

Sophocles. In Single Plays, with English Notes, &c. By Lewis 
Campbell, M.A., and Evelyn Abbott, M.A. Extra fcap. 8vo. limp. 

Oedipus Rex, Oedipus Coloneus, Antigone, is. gd, each. 

Ajax, Electra, Trachiniae, Philoctetes, 2s. each. 

Sophooles. Oedipus Rex : Dindorf s Text, with Notes by the 
present Bishop of St. David's. Ext. fcap. 8vo. limp, is. 6d, 

Theocritus (for Schools). With Notes. By H.Kynaston, M.A. 
(late Snow), Head Master of Cheltenham College. Second Edition. 
Extra fcap. 8vo. clotb, 4s. 6d. 

Xenophon. Easy Selections (for Junior Classes). With a 
Vocabulary, Notes, and Map. By J. S. Phillpotts, B.C.L., and C. S. 
Jerram, M.A. Third Edition, Extra fcap. 8vo. cloth, 3s. 6d, 

Xenophon. Selections (for Schools). With Notes and Maps. 
By J. S. Phillpotts, B.C.L., Head Master of Bedford School. Fourth 
Edition, Ext. fcap. 8vo. clotb, 3s. 6d, 

Xenophon. Anabasis, Book II. With Notes and Map. ByC.S. 
Jerram, M.A. Extra fcap. 8vo. cloth, 2s, 



Aristotle's Politics. By W. L. Newman, M.A., Fellow of 

Balliol College, Oxford. 

Aristotelian Studies. I. On the Structure of the Seventh 
Book of the Nicomachean Ethics. By J. C. Wilson, M.A., Fellow of 
Oriel College, Oxford. 1879. Medium 8vo. stiff, 5s. 
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DemoBthenes and Aesohines. The Orations of Demosthenes 
and Aschines oo the Crown. With Introductory Escajs and Notes. 
Bj G. A. Simcoz, M.A.,and W. H.Simcox.M.A. 1872. 8vo. clothe 1 25. 

Homer. OdyBsey, Books I-XII. Edited with English Notes, 
Appcndicety etc. By W. W. Merry, M.A., and the late James Riddell, 
M^. 1876. Demy 8vo. doth, i6s' 

Homer. OdyMey, Books XIII-XXIV. With Introduction 
and Notes. By S. H. Butcher, M.A., Fellow of University College. 

Homer. Biad. With Introduction and Notes. By D. B. 
Monro, MA., Vice-Provost of Oriel College, Oxford. Preparing, 

A Homerio Grammar. By D. B. Monro, M.A. In the Press, 

Sophocles. The Plays and Fragments. With English Notes 
and Introductions, by Lewis Campbell, M.A., Professor of Greek, St. 
Andrews, fonnerly Fellow of Queen's College, Oxford. 2 vols. 

Vol. I. Oedipus Tyrannus. Oedipus Coloneus. Antigone. Second 
EditioH. iS'jg. Sro. clotb, 16s, Vol. II. In the Press. 

Sophocles. The Text of the Seven Plays. By the same Editor. 
Ext. fcap. 8vo. clotht 45. 6d. 

A Handbook of Greek InsoriptionSy illustrative of Greek 
History. By E. L. Hicks, M.A., formerly Fellow of Corpus Christi 
College, Oxford. In Preparation. 

TV. FBEITCH. 

An Stymologlcal Pictioxiary of the French Language, with 
a Preface on the Principles of French Etymology. By A. Brachet. 
Translated into English by G. W. Kitchin, M.A. Second Edition, 
Crown 8vo. cloth, *js, 6d, 

Brachet'8 Historical Granmiar of the French Language. 
Translated into English by G. W. Kitchin, M.A. Fourth Edition. 
Extra fcap. 8vo. clotb, 35. 6d, 

Historical Outlines of French Idterature. By George 

Saintsbory, M.A. In Preparation, 

A Primer of French Idterature. By the same Author. Extra 
fcap. 8vo. cloth, 2s. 

FrencJb Classics, Edited by GUSTAVE MaSSON, B.A. 

Comeille's Cinna, and MoUere's Les Femmes Savantes. With 
Introduction and Notes. Extra fcap. 8vo. cloth, 2s. dd, 

Bacine's Andromaque, and Comeille's Le Menteur. With 
Louis Racine's Life of his Father. Extra fcap. 8vo. clotb, 25. 6<f. 

Moliere's Les Fourberies de Scapin, and Racine's Athalie. 
With Voltaire's Life of Moli^re. Extra fcap. 8vo. clotb, is, 6d, 

Selections from the Correspondence of Madame de S6vign6 

and her chief Contemporaries. Intended more especially for Girls' 
Schools. Extra fcap. 8vo. clotb, 3s. 
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Voyage autour de ma Chambre, by Xavier de Maistre ; Ourika, 
by Madame de Duras ; La Dot de Sazette, by Fiev^e ; Les Jumeaux 
de i'Hdtel Corneille, by Edmond About ; M^saventures d'un £colier, 
by Bodolphe TOpffer. Extra fcap. 8vo. clotb^ 2s, 6d» 

Begnard's Le Joueur, and Brueys and Falaprat's Le 

Grondeor. Extra fcap. 8vo. cloth, 28. 6d, 

Iiouis XIV and his Contemporaries; as described in Extracts 
from the best Memoirs of the Seventeenth Century. With English 
Notes, Genealogical Tables, &c. Extra fcap. 8vo. clotbt as. 6d, 



V. GEBMAir. 

Lange'S German Course, By HERMANN Lange, teacher qf 
Modem Languages, Manchester: 

The Germans at Home ; a Practical Introduction to German 
Conversation, with an Appendix containing the Essentials of German 
Grammar. Second Edition, 8vo. cloth, 2s, 6d, 

The German Maniial ; a German Grammar, a Reading Book, 
and a Handbook of German Conversation. 8vo. cloth, 'js. 6d, 

A Grammar of the German Iianguage. 8vo. cloth, 3/. 6d. 

This * Grammar* is a reprint of the Grammar contained in * The German 
Manual,* and, in this separate form, is intended for the use of students 
who wish to make themselves acquainted with German Grammar 
chiefly for the purpose of being able to read German books, 

German Composition; Extracts from English and American 
writers for Translation into German, with Hints for Translation in foot- 
notes. In the Press, 



Iiessing's Iiaokoon. With Introduction, English Notes, etc. 
By A. Hamann, Phil. Doc., M.A. Extra fcap. 8vo. cloth, 4*. 6d, 

Wilhelm Tell. A Drama. By Schiller. Translated into 
English Verse by E. Massie, M.A. Extra fcap. 8vo. eloth, 55. 

Also, Edited by C. A. BuCHHElM, Phil, Doc, Professor in 

Kin^s College, London : 

Goethe's Egmont. With a Life of Goethe, &c. Second Edition. 
Extra fcap. 8vo. elotb, 38. 

Schiller's Wilhelm Tell. With a Life of Schiller ; an historical 
and critical Introduction, Arguments, and a complete Commentary. 
Fourth Edition, Extra fcap. 8vo. clotb, 35. 6d. 

Lessing's Minna von Bamhelm. A Comedy. With a Life of 
Lessing, Critical Analysis, Complete Commentary, &c. Fourth Edition, 
Extra fcap. 8vo. clotb, 3s. 6d, 
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ZOOLOGICAL, BOTANICAL, AND GEOLOGICAL, 



L Norm on thv Old Tistamknt:— 
L Titte of the Bible. 
IL Hebrew Diyisiona of the Bible :— 
(a) The Law. 
(6) The Prophets, 
(c) The Scriptorei. 
OL Divisions of the EngUsh Bible :~ 
(a) The Peutateuch. 
Q>) The Historical Books. 

(c) The Poetical Books. 

(d) The Prophetical Books. 
Analysis and Summary of each. 

SL Summary or ths Interval bxtwkxm ths 

Old and Nsw TssTAMZNTSb 
& Familt or THS Herods. 
4 Jnwish Skots, Parties, &o. 
fi. Ch&onoloot or the Old Testament. 
& Chkonolooy or the Acts and Etistleb. 

7. HiSTO&IOAL SUMMART. 

^•MntAOLss AND Parables or the Old Tes- 
tament. 

Ik. MiRACLKS AND PARABLES Or OUR LORD. 

10. Nambb, Titles, and Ottioes or Christ. 
IL Prophecies relating to Christ. 
12. Sfroial Prayers rouND in Scripture. 
1& Notes on the New Testament :^ 

L Early Copies. 

IL Divisions of the New Testament :— 

(a) Constitutional and HistoricaL 

(b) Didactic 

(e) Prophetic 

Analysis and Summary of each. 
U. Harmony or the Qospbl& 



1.5. Paul's Missionary Journeys. 

16. M Voyage to Rome. 

17. Geography and Topography 



or Pales- 



tine. 
la Mountains or Scripture, with their As- 
sociations. 

19. Rivers and Lakes or Scripture, and 

Events connected with each. 

20. Ethnology or Bible Lands. 

2L Quadrupeds named in the Bible, with 
Description or each. 

22. Summary or Mammalia or the Bible. 

23. Fisheries or Palestine, with their Pro- 

ducts. 

24. Aquatic Animals mentioned in the Bible. 

26. Birds rouND in Palestine. 
2& Reptiles or Scripture. 

27. Insects or Palestine. 

28. Trees, Plants, Flowers, &o., or Palestine. 
29l Geology or Bible Lands :~ 

L Mineral Substances, &c 
U. Metals. 
iiL Precious Stones. 

80. Music and Musical Instruments :— 

L Stringed Instruments. 
iL Wind Instruments. 
^L Instruments of Percussion. 

81. Tables or Weights, Measures, Time, and 

Money. 

82. The Jewish Year. 

83. Words Obsolete or Ambiguous. 
81. Words used Symbolically. 

86). Blank Leaves roR MS. Note& 



IL AN INDEX TO THE HOLY BIBLE. 

m. THE NEW OXFORD CONCORDANCE. 

ly. DICTIONARY OP SCRIPTURE PROPER NAMES, WITH THEIR 
PRONUNCIATION, MEANINGS, AND REFERENCEa 

V. SCRIPTURE ATLAS (INDEXED). 



1.— The Nations or the Ancient World. 

2L— Armenia, Assyria, Babylonia, Syria, &a, 
IN THE Patriarchal Ages. 

& — Canaan in the Patriarchal Ages. 

Ik^EoYPT AND the Sinai PENINSULA, illus- 
trating the Journeys of the Israelites to the 
Promised Land. 

&— Canaan as divided among the Tribes. 

flu^DoKiNioNs or David and tfoLOMOS. 



7.— The Kingdoms or Judah and Israel. 
&— Assyria and the Adjacent Lands, illus- 
trating the Captivities. 
9. --Jerusalem and its Environs. 
10.— Palestine in the Time or Our Saviour. 
IL— The Roman Empire in the Apostolic 

Age. 
12.— Map illustrating thb Travels or St. 
Paul. 
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(SytxsLtii from (!^ptntoniE{* 

"The large collection of varied information which you have appended to the Oxfobd 
BiBLB FOB Tbachbbs, In a form so readily available for reference, has evidently been com« 
piled with the greatest care; and the testimony which you have received to its accuracy 
is a guarantee of its high value. I cannot doubt that the volume, in its various forms, will 
be of great service." — Thb Abchbishof of Cantebbubt. 

'' The notion of including in one volume all the helps that a clergyman or teacher would 
be likely to want for the study of the Bible has never been realised before with the same 
success that you have attained in the Oxfobd Biblb fob TBACHBBa In the small 
edition (Ruby 16mo. thin), by the use of paper very skilfully adapted to the purpose, there 
is a Bible with an Atlas, a Concordance, an Index, and several Tractates on various points 
of Biblical antiquity, the whole, in a very solid binding, weighing a pound and an ounce : no 
great weight for what is really a miniature library. The clergy will probably give the 
preference to the larger book, marked No. 4. This includes the Apocrypha, with all the 
helps to the use of the Bible that distinguish the series. Its type is excellent. Many 
clergymen are obliged to write sermons when travelling from place to place. This volume 
would serve as a small library for that purpose, and not too large for the most moderate 
portmanteau. I think that this work in some of its forms should be in the hands of 
every teacher. The atlas is very clear and well printed. The explanatory work and the 
indices, so far as I have been able to examine them, are very carefully done. I am glad 
that my own Univeraity has, by the preparation of this series of books, taken a new step 
for the promotion of the careful study of the Word of God. That such will be the effect 
of the publication I cannot doubt." — Thb Abchbishof of Yobk. 

" It would be difficult, I think, to provide for Sunday-School Teachers, or indeed for other 
students of the Bible, so much valuable information in so convenient a form as is now 
comprised in the Oxfobd Biblb fob Tbachbbs." — Thb Bishop of London. 

'* Tlie idea of a series of Bibles in different types, corresponding page for page with one 
another, is one which the Dean has long wished to see realised for the sake of those who find 
the type of their familiar copies no longer available .... The amount of information com- 
pressed into the comparatively few pages of the Appendix is wonderful. And the Dean is 
glad to hear that the help of such eminent contributors has been available for its com- 
pilation. The Concordance seems to be sufficiently full for reference to any text that may 
be required." — Thb Dean of Rochbsteb. 

"Having by frequent use made myself acquainted with this edition of the Holy Scrip- 
tures, I have no hesitation in saying that it is a most valuable book, and that the ex- 
planatory matter collected in the various appendices cannot but prove most helpful, both 
to teachers and learners, in acquiring a more accurate and extensive knowledge of the Word 
of God." — Thb Bishop of Lichfield. 

"I have examined the Oxfobd Biblb fob Teachebs with very great care, and con. 
gratulate you upon the publication of so valuable a work. It contains within a reason- 
able compass a large mass of most useful infonnation, arranged so conveniently as to be 
easily accessible, and its effect will be not merely to aid, but also, I think, to stimulate 
the studies of the reader. The book is also printed so beautifully, and is so handsome 
in every way, that I expect it will be greatly sought after, as a most acceptable present 
to any who are engaged in teaching in our Sunday Schools and elsewherei" — Thb Dban of 
Cantbbbubt. 
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CytxsiM from ®ptmoni^ (continiied). 

"1 have examined with some care a considerable portion of the 'Helps to the Study 
of the Bible/ which are placed at the end of the Oxford Biblb fob Tbachbbs, and have 
been much struck with the vast amount of really useful information which has there been 
bronght together in a small compass, as well as the accuracy with which it has been com- 
piled. The botanical and geological notices, the account of the animals of Scripture, &c., 
seem to be excellent, and the maps are admirable. Altogether, the book cannot fail to be 
of service, not only to teachers, but to all who cannot afford a large library, or who have 
not time for much independent study."— Thb Dean of Pbtbbbobough. 

" I have been for some time well aware of the value of the Oxford Biblb fob Teach- 
BBS, and have been in the habit of recommending it, not only to Sunday-School Teachers, 
bat to more advanced students, on the ground of its containing a large mass of accurate 
and well-digested information, useful and in many cases indispensable to the thoughtful 
reader of Holy Scripture ; in fact, along with the Bible, a copious Index, and a Concor- 
dance complete enough for all ordinary purposes, this one volume includes a series of short 
bat comprehensive chapters e(iuivalent to a small library of Biblical works." — Thb Bishop 

OF LiMEBICK. 

''Having examined the Oxford Biblb fob Tbachbbs carefully, I am greatly pleased 
with it. The 'Helps to the Study of the Bible' at the end contain a great amount of 
most valuable information, well calculated not only to lead to a good understanding of the 
text, but to stimulate the student to further eiforts. It differs from many publications in 
this, that the information is so admirably arranged, that it is well suited for reference, 
and is easily available for the student. The edition would be most useful to Sunday-School 
Teachers, a great help to those who desire that the young shall have a real knowledge of the 
Word of God."— Thb Bishop of Cork. 

"The Oxford Biblb fob Teachers may, I think, without exaggeration, be described 
as a wonderful edition of the Holy Scriptures. The clearness and beauty of the type, and 
the convenient shape of the volume, leave nothing to be desired. I know nothing of the 
same compass which can be compared to the 'Helps to the Study of the Bible* for fulness 
of information and general accuracy of treatment. It is only real learning which can ac- 
complish such a feat of compression." — Thb Bishop of Dbbby aio) Bafhoe. 

"I consider the Oxford Biblb fob Tbachers to be simply the most valuable edition 
of the English Bible ever presented to the public"— Thb Vbn. Abchdeacon Rbichbl. 

" The Oxford Bible fob Teachebs is in every respect, as regards type, paper, binding, 
and general information, the most perfect volume I have ever examined." — ^Thb Rev. Prb- 
BEin)ABT Wilson, of the National Society's Depository, 

" The essence of fifty expensive volumes, by men of sacred learning, is condensed into the 
pages of the Oxford Bible for Teachers." — Thb Hbv. Andbbw Thomson, D.D., Edinburgh* 

"The latest researches are laid under contribution, and the Bible Student is furnished 
with the pith of them all." — Db. Stoughton. 

"The whole combine to form a Help of the greatest value."— Db. Angus. 

" I cannot imagine anything more complete or more helpful." — Db, W. Moblby Punshon. 

"I congratulate the teacher who possesses it, and knows how to turn its 'Helps' to good 
account."— Db. Kennedy. 
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(Qytxacta from ®ptnton^ (continued). 

" The Oxford Biblb foe Tbachbrs is the most valuable help to the study of the Holy 
Scriptures, within a moderate compass, which I have ever met with. I shall make constant 
use of it ; and imagine that few who are occupied with, or interested in the close study 
of the Scriptures, will allow such a companion to be far from their side." — The Rev. Baidwin 
Bbown. 

''I do not think I shall ever leave home without the Oxford BiBiiS fob Teachers, 
for one can scarcely miss his ordinary books of reference when this Bible is at hand. I 
know no other edition which contains so much valuable help to the reader."— The Rev. A. H. 
Charteris, D.D., Lean of the Chapel Royal, 

''The Oxford Bibles for Teachers ore as good as ever we can expect to see.'* — 
The Rev. C. H. Spurqeon. 

"The modest title of the work scarcely does justice to the range of subjects which it 
compi-ehends, and the quality of their treatment. As a manual of Biblical information and 
an auxiliary of Biblical study, it is unrivalled. It is as exhaustive as it is concise, — no 
irrelevant matter has been introduced, and nothing essential to Biblical study seems to have 
been omitted, — and in no instance, so far as I can judge, has thoroughness or accuracy been 
sacrificed to the necessities of condensation." — The Rev. Robert N. Youno, of Headiiigley 
College, Leeds. 

" The Oxford BiBiiE for Teachers is really one of the greatest boons which in our day 
has been offered to the reading public. The information given is so various, and so com- 
plete, as scarcely to leave a single desideratum. To Christians, in their quiet researches at 
home, or in the course of extensive journeys, or in preparation for the duties of tuition, it is 
simply invaluable, and constitutes in itself a Biblical Library. The range of topics which it 
seeks to illustrate is very great, while the care and accuracy manifest in the articles deserves 
the highest praise. It is no exaggeration to say, that to the mass of Christian people it 
saves the expense of purchasing and the toil of consulting a library of volumes. At the same 
time, I know no book more likely to stimulate enquiry, and to give the power of appreciat- 
ing further research into the history, structures, and meaning of the Sacred Oracles." — 
Dr. Goold, of Edinburgh. 

"I have only recently possessed one of the Oxford Bibles for Teachers; and after 
a most patient examination of it, am astonished at the immense amount of accurate and 
carefully digested matter it contains: and that, too, of a kind precisely adapted to the 
Teacher's needs. Would that such a Bible had been within my reach when I first began 
my teaching life ; and would that I had possessed one earlier, since I began to write for 
Teachers. As I look at its upwards of 300 pages of 'Helps to the Study of the Bible/ 
I recall my toilsome pilgrimage through many volumes, at much expenditure of time, 
for what is here so distinctly stated and tabulated. With such a desk companion I 
might have done so much more, and done it so much better. All I can do now is to 
entreat all Teachers who need a perfectly reliable Bible for study or class purposes, to 
procure one of the Oxford Bibles for Teachers. This I do most earnestly. And I 
would add that as a presentation volume by a class to its Teacher, or by a School to 
its Superintendent, no gift would be better appreciated or more appropriate than the 

small quarto size with its wide margin, and magnificent type, and superb flexible binding." 

The Rev. Jambs Comper Gray, Author of " Class and Desk" " Topics for Teachers/* 
** Biblical Museum," ^c, ^c. 

" These admirable Bibles must tend to extend the fame even of the Oxford Press."— 
The Right Hon. W. E. Gladstone, M.P. 
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4 He that hath clean 



rilUE Lord is my shepherd; 
JL I shall not want. 
2 He maketh me to lie down 
in green pastures : he leadeth 
me beside the still waters. 



and a pure heart ; whc 

not lifted up his soul i 

vanity, nor sworn decc 

5 He shall receive the 
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DUttnetionCifmaatt LEVITICUS, XI. eltan and unOean. 



ftr • W.V. afftrinc befora th. Lonitt 
•nd it aball b. thin*, and thy mm^ 
with thMk bjr • .tatut. for .wri m 
th. Lomn n«th oomiiuind.d. 

16 1 And MiMM diligently Mmrht 
the giant of th. lin off«ring, nad, m- 
hold, it waa burnt < and h. wm» nnf^iy 
with Klaatar and Ithamar, th. aoaa of 
Aaron wkiek letrw l.f t mUiie, Mying^ 



CHAPTER XI. 
1 fFhat b»mtt$ MMy, 4 citd ithat nMjr 
mrf be eaten. 9 fyMmtJMet. IS 
H^htU/ml*. 89 Tfu erttfimg tkimi[» 
tphieh are mmeleaa. 



\ ND th. Lono .palt. nato Mom. 
jl\. and to Aaron, nying unto thmH, 

3 8pMk unto th. ehildran of Israel, 
■aying^ Th.M are th. bMata wbleh y. 



"The type of this dainty little volume, though necessarily very 
minute, is clear and legible." — The Times, 

" It is printed on tough India paper of extreme thinness, and is 
wonderfully clear." — The Guardian, 

" When bound in limp morocco leather it weighs less than 3 J oz." — 
The Athenceum. 

" It will pass through the post for a penny, and yet contains the whole 
of the Authorised Version from Genesis to Revelation." — The Gra2)hic, 

" It is not only a curiosity, but so convenient as not to encumber an 
ordinary waistcoat pocket." — The Globe, 

"It is smaller than an ordinary Prayer-Book, and can be read 
easily enough. * * * 4: It is a curiosity of the Binder's as well as 
of the Printer's art." — Tlie Sjyectator. 

"Besides being a marvel as regards size, the little volume is a 
model of printing, highly creditable to the Oxford University Press." — 
The Standard, 
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